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Sinaarsi . 

       

 

   termini „SemTxveviTi xetiali“ (Random Walk) pirvelad SemoiRo karl pirsonma 

1905  wels   (ix. [1] Pearson K .(1905) . The problem of Random walk. Wataze . 72,294 (iyo 

ingliseli mecnieri . moRvaweobda 1857-1936 wlebSi , kembrijis da haidelbergis 

universitetebSi). 

   SemTxveviTi xetiali gamoiyeneba Semdeg dargebSi : ekologia , ekonomika , 

fsiqologia , kompiuteruli mecnierebebi , fizika , qimia , biologia da maTematika. 

    SemTxveviTi xetiali naTels hfens process , romelic am sferoebSi miiReba 

dakvirvebebis Sedegad da cxadad xsnis dakvirvebuli procesebis yofaqcevas am 

sferoebidan   da amitom , is warmoadgens Sesabamisi maTematikuri modelebis 

safuZvels. zust terminologias  rom   mivsdioT, is warmoadgens SemTxveviT 

procesis magaliTs diskretuli drois SemTxvevaSi . xSirad SemTxveviTi xetiali 

dakavSirebulia markovis  procesTan (moRvaeobda 1856-1922 wlebSi ). is aris 

traeqtoriebis maTematikuri modelireba , romlebic dakavSirebulia 

Tanmmimdevrul nabijebTan . magaliTad : traeqtoria SeiZleba daxazos molekulis 

moZraobam gazSi an siTxeSi , cvalebadma fasebma . aseve moTamaSis finansuri 

statusi SesaZlebelia modelirebuli iyos SemTxveviTi xetialiT. 

  Tumca sxva ufro rTuli da  saintereso SemTxveviTi xetialebi dakavSirebulia 

grafebTan da jgufebTan da aseve , is mimarTebaSia drois parametrTan da aqedan 

gamomdinare , xSirad xetiali aris diskretul droSi da indeqsirebulia 

naturaluri ricxvebiT            . Tumca zogieTi SemTxveviTi xetiali ganixileba 

   uwyveti drois ganmavlobaSi         . 

   zRvruli procesis Sedegad SemTxveviTi xetiali gadadis brounis moZraobaSi 

(robert brouni : Sotlandieli mecnieri . moRvawobda 1773-1858 wlebSi) . misi 

saSualebiT SesaZlebelia brounis moZraobis – mniSvnelovani SemTxveviTi 

procesis uwyveti drois SemTxvevaSi ageba . zogjer vineris process uwodeben 

brounis moZraobas . aqedan gamomdinare , vineris procesi aris SemTxveviTi 

xetialis zRvruli procesi (nobert vineri : amerikeli mecnieri . moRvaweobda 

1894-1964 wlebSi) . 

  SemTxveviT xetials aseve bevri saintereso Tviseba gaaCnia da swored am TavSi 

saubari iqneba am Tvisebebis Sesaxeb da is ganxiluli iqneba sxva da sxva 

aspeqtebSi . 
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SemTxveviTi xetiali. 

$ 1 . gakotrebis albaToba da monetis agdebis saSualo xangrZlivoba . 

1 . 

    axla da Semdeg ganxiluli iqneba rigi kanonzomiereba , romlebsac xandaxan 

SeiZleba hqondes mkveTrad moulodneli xasiaTi. yvela ganxilva Catarebuli 

iqneba bernulis sqemisTvis , magram daskvnebi rCeba samarTliani zogadi saxis 

SemTxveviTi xetialisTvisac. 

 

 

2.  

    ganvixiloT bernulis sqema (     ) -ze , sadac 

   *    (         )         + ,   sistema aris   sivrcis qvesimravle da     

 ( )    ( )    ( ) ,    ( )  
∑    

 
 . vTqvaT    ( )              . rogorc cnobilia , 

        mimdevroba warmoadgens damoukidebeli SemTxveviTi sidideebis 

mimdevrobas.   aris aris warmateba , Tu ramdenjer gamovida +1 . warmatebaTa 

raodenoba   Catarebul cdaSi aris SemTxveviTi sidide . 

    (    )          (     )             . 

davuSvaT                           .                 mimdevroba SeiZleba 

ganvixiloT , rogorc zogierTi nawilakis SemTxveviTi xetialis traeqtoria ,  

nulidan gamomdinare . am SemTxvevaSi            .  e.i Tu   momentSi  nawilaki  

imyofeba     wertilSi ,  maSin     momentisTvis is iwevs    erTi   erTeuliT     

( albaTobiT   ) zeviT  an  erTi   erTeuliT   ( albaTobiT    ) qvemoT .  

    vTqvaT   da   ori mTeli ricxvia ,       . erT-erTi saintereso amocana ,  

romelic dakavSirebulia SemTxveviT xetialTan , im sakiTxis gamokvlevaSia , Tu 

rogori albaTobiT gamova   bijis ganmavlobaSi (   ) intervalidan moxetiale 

nawilaki . aseve sainteresoa kiTxva imis Sesaxeb , Tu ra albaTobiT igi moxvdeba 

(   ) intervalidan , werTil  -Si Tu  -Si. 

    am sakiTxebis bunebrivoba gasagebi xdeba , Tu visargeblebT Semdegi saTamaSo 

interpretaciiT . davuSvaT gvyavs ori moTamaSe ( pirveli da meore ) , romlebis 

sawyisi kapitali Sesabamisad tolia (  ) da  -si . Tu        , maSin CavTvaloT , 

rom meore moTamaSe uxdis garkveul Tanxas pirvels ,  Tu        , piriqiT  
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Ppirveli uxdis  meores . am  azriT             SeiZleba warmovadginoT 

mogebis sidide , pirveli moTamaSisa meoridan . ( Tu        marTlac , am 

moTamaSem waago garkveuli sididiT meore moTamaSesTan ) . es aris , swored , 

wagebis sidide   ,,svlis” ganmavlobaSi . 

        momentSi , roca pirvelad      (    ) meore ( pirveli ) moTamaSis 

kapitali xdeba nulis toli , sxvanairad rom vTqvaT , maSin mimdinareobs misi 

gakotreba . ( Tu     , SeiZleba CavTvaloT , rom TamaSi wydeba   momentSi , 

magram TviTon xetiali rCeba gansazRvruli   momentis CaTvliT ) . 

   sanam amocanis zust dasmamde gadavalT , SemovitanoT  aRniSvnaTa mwkrivi . 

   vTqvaT   aris mTeli ricxvi mTeli ricxvi ,   - intervalidan da       -

Tvis vTqvaT   
       ,   

     *          
        + (1) , sadac vigulisxmebT 

  
    , Tu     

    yvela       –Tvis vTqvaT 

  
       

  
     {        

          }      ( )    

saidanac vigulisxmebT   
    , Tu     

    yvela      -Tvis. 

   yoveli       da   ,   - -Tvis moments   
  , romelsac uwodeben gaCerebis 

moments , warmoadgens mTel ricxv mniSvnelobian SemTxveviT sidides , romelic 

gansazRvrulia elementarul xdomilobaTa   sivrceze . (   
  -is damokidebuleba  -

ze araa cxadad naCvenebi ) . 

   cxadia , rom yvela     simravle *    
    +  aris xdomiloba , romelic imaSi 

mdgomareobs , rom SemTxveviTi xetiali *  
          + aris sawyis momentSi   

wertilSi da gamova (   ) intervalidan   momentSi . cxadia aseve , rom     -

saTvis simravleebs *      
           

   + da *      
           

   + aqvT xdomilobaTa 

azri , romelic mdgomareobs imaSi , rom moxetiale nawilaki gamova (   ) 

intervalidan   momentSi , Sesabamisad   da   wertilebSi . 

   yvela       -Tvis aRvniSnoT 

  
  ∑ *     

        
   +

     

 

  
  ∑ *     

        
   +  

     

         ( ) 

da davuSvaT   ( )   (  
 ) ,   ( )   (  

 ) , nawilakis gamosvlis albaTobaa ,   - 

drois ganmavlobaSi (   ) intervalidan wertilebSi   da   Sesabamisad . am 

albaTobebisTvis SeiZleba miviRoT rekurentuli gamosaxulebebi , romlebidanac 

TanmimdevrobiT   pouloben   ( )     ( ) da   ( )     ( ) . cxadia , rom   ( )  

  ( ) . vTqvaT axla       , maSin  
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  ( )   (  
 )   (  

 |  
     ) (    )   (  

 |  
     ) (     )  

   (  
 |  

     )    (  
 |  

     )   

  vaCvenoT , rom 

 (  
 |  

     )   (    
   )   

 (  
 |  

     )   (    
   )   

amisTvis Cven aRvniSnavT , rom simravle   
  SeiZleba warmovadginoT Semdegi saxiT: 

  
  *   (                    )    

 +     

sadac   
  aris aseTi saxis traeqtoriaTa simravle 

(                    )          , romlebic gamodian ,   - drois ganmavlobaSi 

(   ) intervalidan   wertilSi . (naxazi 15) . 

     warmovidginoT simravle   
  Semdegi saxiT:   

        
      , sadac   

      da 

  
     -is traeqtoriebia   

  –dan , romlebisTvisac       da       . Sesabamisad. 

      SevniSnoT axla , rom yoveli traeqtoria 

(                             )   
      –dan  imyofeba urTierTcalsaxa  

SesabamisobaSi  (                        )       
   -dan . 

igive samarTliania   
      -Tvis . Tu mxedvelobaSi miviRebT am garemoebas , aseve 

damoukideblobas da erTnairad ganawilebulobis    erTobliobis         

vpoulobT , rom 

 (  
 |  

     )   (  
 |    )    

  *(                  )    
 |    +    

  {(                        )     
   }    

  {(                          )     
   }   (    

   )     

aseve   (  
 |  

     )   (    
   ) . amgvarad (3)-is ZaliT   (   ) -Tvis da     

  ( )       (   )       (   ) , sadac   ( )    da    ( )           . 

analogiurad   ( )       (   )       (   ) ,   ( )    ,   ( )    ,        . 

radgan   ( )    ( )       (   ) , maSin miRebuli rekurentuli gamosaxulebebi 

SeiZleba gamoviyenoT albaTobebis   ( )     ( ) da   ( )     ( ) mosaZebnad. 

   konkretuli albaTobis gamoTvla gverdze gadavdoT  , da kiTxva davsvaT maTi 

mniSvnelobebis povnis Sesaxeb didi   –Tvis . 

   am mizniT Cven SevniSnavT , rom vinaidan     
    

          maSin       ( )  

  ( )    . bunebrivia  gaviTvaliswinoT , rom   sakmarisad   didi   –Tvis   ( ) 

albaToba axlosaa  ( ) gantolebis amoxsnasTan . Semdegi gantoleba  ( )  

  (   )    (   )   ( )   sasazRvro pirobebiT ( )    ,  ( )=0 miRebulia 
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formaluri zRvarze gadasvliT (4) da (5) –dan . (7) amocanis amoxsnisTvis (8) –Si 

davuSvaT , rom Tavidan     . advilia SevniSnoT , rom ganxilul gantolebas 

aqvs ori kerZo amoxsna   da  (   ) , sadac   da   mudmivebia . amitom  ( ) 

gantolebis amoxsnas veZebT Semdegi saxiT :  ( )     (   )   (9) . (8) –is 

gaTvaliswinebiT vpoulobT , rom yvela       –Tvis  

 ( )  
(   )  (   ) 

(   )  (   ) 
    

vaCvenoT , rom es aris erTaderTi amoxsna ganxiluli amocanisTvis . am mizniT , 

sakmarisia vaCvenoT , rom yvela (7) , (8) amocanis amoxsna SeiZleba iyos 

warmodgenili (9)- is saxiT . 

   vTqvaT  ̃( ) aris raime amoxsna  ̃( )    ,  ̃( )    TvisebiT . yovelTvis SeiZleba 

movZebnoT iseTi  ̃ da  ̃ , rom  

 ̃   ̃(   )   ̃( ) 

                                 ̃   ̃(   )     ̃(   )   

(7) –dan gamomdinareobs , rom  ̃(   )   ̃   ̃(   )     da  ̃( )   ̃   ̃(   ) . (10) –iT 

moZebnili amoxsna aris ganxiluli amocanis erTaderTi amoxsna . 

 ( )    (   )    (   )    (   ) (11) sasazRvro pirobebiT  ( )    da  ( )     

(12) moicema formuliT  

 ( )  
(   )  (   ) 

(   )  (   ) 
              (  )   

Tu               , maSin (7) , (8) da (11) , (12) amocanis erTaderTi amoxsna  ( ) 

da  ( ) Seesabameba  

 ( )  
   

   
    (  )         ( )  

   

   
   (  )  

SevniSnoT , rom nebismieri       –Tvis  ( )   ( )     (  )    ( ) da  ( ) 

sidideebs SeiZleba vuwodoT pirveli da meore moTamaSis gakotrebis albaToba , 

Sesabamisad , roca pirveli moTamaSis sawyisi kapitali aris     , meoris     , 

ganusazRvreli raodenobis svlebisTvis  , ra Tqma unda , igulisxmeba arseboba 

usasrulo mimdevrobebis damoukidebeli bernulis SemTxveviTi sidideebis         , 

sadac       igulisxmeba rogorc pirveli moTamaSis mogeba , iseve       misi 

wageba . am paragrafSi ganxiluli sivrce (     ) aRmoCndeba sakmaod “Raribi’’, 

imisTvis , rom aseTi mimdevroba namdvilad SeiZleba avagoT da sidideebi  ( ) da 

  ( ) sinamdvileSi warmoadgenen gakotrebis albaTobebs SemousazRvreli 

svlebisTvis . 
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   mivmarToT zogierT Sedegebs , romlebic gamomdinareoben miRebuli  

formulebidan . 

   Tu davuSvebT     ,       , rom Cveni azriT  ( ) funqcia iqneba albaToba 

imisa , rom nawilaki , romelic gamosulia   mdgomareobidan , miaRwevs   wertili 

ufro adre , vidre   . (10) da (14) formulebidan gamomdinareobs (naxazi: 1) , rom  

  ( )  

{
 

   ⁄             
 

 
(  ⁄ )   

(  ⁄ )   
              

    (  )  

SemdgomSi davuSvaT , rom sruldeba utoloba      , romelic niSnavs , rom 

pirveli moTamaSisTvis TamaSi ar aris sasurveli . misi gakotrebis zRvruli 

albaToba    ( ) gvaZlevs formulas  

  
(  ⁄ )   

(  ⁄ )  (  ⁄ ) 
    

SevniSnoT axla , rom TamaSis pirobebi Secvlilia : moTamaSeTa kapitalebi axlac 

erTnairia (–  ) da   , magram TiToeuli moTamaSis Tanxis gadaxda axla tolia 
 

 
 , 

da ara   -is , rogorc adre , sxvanairad rom vTqvaT , davuSvaT axla  .   
 

 
/    , 

 .    
 

 
/    . am SemTxvevaSi pirveli moTamaSis gakotrebis zRvruli albaToba 

aRvniSnoT   
 

 -iT , maSin 

   ⁄  
(  ⁄ )    

(  ⁄ )   (  ⁄ )  
     

da niSnavs 

   ⁄    
(  ⁄ )   

(  ⁄ )  (  ⁄ ) 
      

Tu              . 

   aqedan gamomdinareobs aseTi daskvna , Tu moTamaSis TamaSi warumatebelia  (e.i 

     ) , maSin fsonis orjer gazrdiT amcirebs mis gakotrebis albaTobas . 

 

 

3. 

  axla ganvixiloT sakiTxi imis Sesaxeb , Tu ra siswrafiT ikribeba   ( ) da  

  ( ) zRvrul mniSvnelobebisken  ( ) da  ( ) . simartivisTvis CavTvaloT , rom 

    da aRvniSnoT 
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     ( )        ( )        (     )    

cxadia , rom      *             + ,saidanac *             +  aRniSnavs 

xdomilobas  

⋂ *      +  

     

 

     vTqvaT                , sadac   da   aris mTeli ricxvebi  

              

                 

          

     (   )            

maSin , Tu   | |  | | , advilad davrwmundebiT , rom  

*               +  *|  |      |  |   +   

anu sidideebis         damoukideblobis ZaliT da maTi erTnairi ganawwilebiT  

    *|  |      |  |   +  ∏ *|  |   +  ( *|  |   +)
   (  )

 

   

 

SevniSnoT , rom       ,  (   )
 - . amitom sakmarisad didi   –ebisTvis  

 *|  |   +      (19) , sadac      , Tu ki     an     , maSin sakmarisad didi    

  –ebisTvis  *|  |   +    da Sesabamisad , (19) sruldeba yvela       -Tvis .  

(18) da (19)-dan gamomdinareobs , rom sakmaod didi   –ebisTvis     
  (20).  

saidanac     
  ⁄     

  N  (16)-is Tanaxmad       . amitom (    )  (    )     da amitom      , 

     -Tvis            
   an            

  ,     . 

analogiuri Sefasebebi marTebulia  sxvaobebisTvisac  ( )    ( ) da  ( )    ( ) .  

 

4. 

   ganvixiloT sakiTxi SemTxveviTi xetialis saSualo xangrZlivobis  Sesaxeb. 

   vTqvaT   ( )     
  gaCerebis momentis maTematikuri lodinia . moviqceT ise , 

rogorc  rekurentuli gamosaxulebebis   ( ) –Tvis gamoyvanis dros ,vRebulobT , 

rom   (   ) –Tvis 
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  ( )     
  ∑   (  

   )

     

  

 ∑  ,  (  
   |    )    (  

   |     )-

     

  

 ∑  [  (    
       )    (    

       )]

     

  

 ∑ (   )[  (    
     )    (    

     )]  

       

 

      (   )       (   )   

 ∑ [  (    
     )    (    

     )]

       

      (   )       (   )      

 maSasadame   (   ) da       funqciebi   ( ) akmayofileben rekurentul 

gantolebebs ,  

  ( )         (   )       (   )  (  )  

sadac   ( )      da am  gantolebebidan  sasazRvro   pirobebTan   erTad 

  ( )    ( )    SeiZleba TanmimdevrobiT vipovoT   ( )     ( ) , maSin    

  ( )      ( ) -Tvis arsebobs 

 ( )     
   

  ( )   

romelic (21)-is ZaliT akmayofilebs gantolebas  

 ( )      (   )    (   )  (  ) 

sasazRvro pirobebiT  ( )   ( )      (  ) . rom vipovoT am gantolebis amonaxsni , 

Tavidan davuSvaT , rom  ( )    ,   (   ) (25). maSin , Tu     kerZo amonaxsns 

aqvs Semdei saxe :    
 

   
 da saerTod, amonaxsni Caiwereba Semdegi saxiT:  

 ( )  
 

   
    (

 

 
)
 

   

sasazRvro pirobebis gaTvalisinebiT vpoulobT , rom  

 ( )  
 

   
,  ( )    ( )   -  (  )  

sadac  ( ) da  ( ) ganisazRvrebian formulebiT  (10) da (13) . Tu          ⁄  , 

maSin (23) gantolebis amonaxsns aqvs Semdgi saxe : 
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 ( )          da maSin  ( )   ( ) an  ( )  (   )(   )  (27). aqedan kerZod 

gamomdinareobs , rom Tu moTamaSeebis sawyisi kapitali tolia (    ) , maSin 

 ( )    . 

   aviRoT      da Tu TamaSis TiToeuli svla xorcieldeba   wm-Si , maSin 

saSualo gakotrebis dro erT-erTi moTamaSis sakmaod didia da is udris     wm-s. 

    (26) da (27) formulebi miRebulia im daSvebaSi , rom  ( )    ,   (   ). 

vaCvenoT , rom sinamdvileSi  ( ) sasrulia yvela   (   ) -Tvis . SemovifargloT 

    SemTxveviT . zogadi SemTxveva ganixileba analogiurad.  

  vTqvaT       ⁄  mimdevroba            da gaCerebis      
  momentebs 

davukavSirebT     SemTxveviT sidides , romelic gansazRvrulia Semdegi tolobiT:  

    ∑   *    +( )

 

   

  (  ) 

   cxadia , es aris SemTxveviTi xetialis  mniSvneloba    gaCerebis momentSi . am 

dros , Tu      , maSin       an   . Tu ki       , maSin         . 

davamtkicoT , rom         -Tvis         (29) da     
      (30) . 

   pirveli tolobis dasamtkiceblad SevniSnoT , rom  

     ∑ [   *    +( )]

 

   

 ∑ [   *    +( )]

 

   

 ∑ [(     ) *    +( )]

 

   

  

     ∑ [(     ) *    +( )]

 

   

    (  )  

saidanac cxadia       . vaCvenoT , rom  

∑ [(     ) *    +( )]

 

   

     

       –Tvis *    +  *               + xdomiloba 

 *               + SeiZleba warmodgenili iyos Semdegi saxiT:  

*   (       )   +           (  )   

sadac    romeliRaca qvesimravlea simravlis *    +  . sxvanairad rom vTqvaT , es 

simravle ganisazRvreba mxolod         SemTxveviTi sidideebiT da ar arian 

damoukideblebi           sidideebis mniSvnelobebze ,  vinaidan   simravle 

*    +  *      + *    + , maSin isic aris simravle (32)-saxisa da       –

Tvis SemTxveviTi sidideebi       da  *    + damoukidebelia , romelic niSnavs : 
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 [(     ) *    +( )]   ,(     -   [ *    +( )]      

amgvarad (29) formula dadgenilia . 

   igive meTodiT mtkicdeba formula (30) : 

    
  ∑   

  *    +  

 

   

∑ (,   (     )-
   *    +)  

 

   

 

 ∑[   
  *    +      (     ) *    +   (     )

  *    +]

 

   

  

    
  ∑ (     )

  *    +    ∑(   ) (    )

 

   

 

   

  

 ∑  (    )       

 

   

 

da amgvarad       ⁄  -Tvis adgili aqvs formulebs  (29) , (30). nebismieri   da   

(     ) analogiurad dgindeba , rom 

     (   )        (  )  

 ,        -
              (  )  

miRebuli gamosaxulebebis daxmarebiT vaCvenoT , rom 

   
   

  ( )   ( )      

Tu           ⁄  , maSin (30) –is ZaliT  

       ( 
    )  (  )  

Tu ki         , maSin (33) –dan  

    
   (| |  )

|   |
   (  )   

saidanac cxadia , rom       ⁄  –Tvis 

 

           
     

     [  
  *    +] 

da maSin 

       
         

     
       ( 

    )       

 (20) utolobasTan erTad , aqedan irkvrva , rom , roca     , maSin      midis 

zRvrul mniSvnelobebisken eqsponencialurad swrafad  
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 ( )             
 

   
    

 

   
 |  |   

analogiuri Sedegi samarTliania     SemTxvevis drosac: 

     ( )  
     

   
   

eqsponencialurad swrafad . 

 

 

$ 2 . areklis principi . arksinusis kanoni . 

1. 

  rogorc wina paragrafSi , aqac vuSvebT , rom          aris erTnairad 

ganawilebuli bernulis  SemTxveviTi  sidideebi    (    )    ,    (     )    

iseTi , rom                            

aRvniSnoT        *              + . vuSvebT , rom       , Tu yvela      , 

       . savsebiT cxadia rom      , es aris nulSi pirveli  dabrunebis  

momenti . am momentis Tvisebebi iqneba Sesavlili Cvens paragrafSi . SemdgomSi 

davuSvebT , rom vixilavTsimetriul SemTxveviT xetials . e. i       ⁄  . 

aRvniSnoT       –Tvis 

    (     )        (      )( )  

cxadia , rom      da       
         

Cveni uaxloesi mizania vaCvenoT , rom albaToba             -Tvis ganisazRvreba 

formuliT : 

     
 

  
  (   )( )  

cxadia , rom       -Tvis  

*      +  *                              + 

da simetriis ZaliT 

      *                    +    *                    +( )  

davarqvaT   sididis gza (       ) ricxvebis mimdevrobas  da   ( ) -s vuwodoT   

sigrZis gzebis raodenoba , romlisTvisac sruldeba Tviseba   , maSin  
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      ∑    
(          )

(                          )   

             (           )   
     

     (                    )   
   ( )  

sadac ajamva vrceldebayvela  (           ) mwkrivebisTvis       . e.i      

albaTobis povna daiyvaneba     gzebis ricxvebis daTvlaze . 

  (                    )   

lema 1. vTqvaT    da   aris mTeli arauaryofiTi ricxvebi .       da      , 

maSin 

  (                    )  
   

 
  
 ( )  

damtkiceba : namdvilad 

 

  (                    )    (                         )   

   (           )    (                              )  ( ). 

sxvanairad rom vTqvaT , (       ) dadebiTi mniSvnelobebi , romlebic iwyeba (   ) 

wertilidan da sruldeba (     ) wertilSi , emTxveva mniSvnelobebs , romlebic 

iwyebian (   ) wertilidan (     ) wertilamde , im gzebis gamoklebiT , romlebic 

exebian an kveTen drois RerZs . 

SevniSnoT axla , rom  

  (                              )    (            )( )  

e.i gzebis raodenoba   (   ) wertilidan gamodis da midis   (     ) wertilSi 

da mniSvnelobebis raodenoba exebian an kveTen drois RerZs , emTxvevian yvela 

gzebis raodenobas , romlebic gamodis    (    ) da midian   (     ) -Si. am 

debulebis damtkicebidan , romelsac hqvia arksinusis principi , gamomdinareobs 

urTierTcalsaxa Sesabamisoba gzebs Soris , 

  (                 ) , romlebic aerTeben wertilebs    da   gzebs Soris , 

  (                    ) , saidanac   pirveli wertilia da   da   xdebian  -is . 

toli. 

   (6) da (7) –dan gamomdinareobs , rom  

  (                    )    (           )    (            )   

     
        

  
   

 
  
    



~ 16 ~ 
 

rac asrulebs (5) –is damtkicebas . 

gamovTvaloT albaTobebi     , (4) da (5) –is Tanaxmad vpoulobT , rom 

 (         ) , 

        (                    )   
     

     (              )   
           

 

    
     
  

 

  
  (   )    

maSasadame formula (2) damtkicebulia . 

moviyvanoT am formulis kidev erTi damtkiceba , romelic damyarebulia Semdeg 

SeniSvnaze . uSualod Semowmeba  gviCvenebs , rom 

 

  
  (   )    (   )     ( )  

amave dros cxadia , rom  

*      +  *     (   )+  *      + 

*      +  *           +   

romlebic niSnavs , rom 

*      +  {         (   )   }   *            +   

amitom 

     {         (   )   }   *            + da Sesabamisad (8) tolobis 

damtkicebisTvis  

    
 

 
  (   ) 

sakmarisia davamtkicoT , rom    (            )     (     ) (9). am mizniT 

SevniSnoT , rom cxadia debuleba  

   (            )     (            )   

amitom (9) –is SemowmebisTvis sakmarisia davadginoT , rom  

    (            )     (            )  (  ) 

da 

   (            )     (     )(  )  
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  (10) da (11) toloba iqneba damtkicebuli , Tu vaCvenebT , rom gzebs Soris 

  (        ) , romlisTvisac erTi mainc      an dadebiT gzebs Soris   

(        ) SeiZleba davamyaroT urTierTcalsaxa Sesabamisoba . 

  davuSvaT   (        ) arauaryofiTi gzaa , romelic Cadis  -Si   wertilSi 

(e.i.     ) . gamovuSvaT wertilidan (   ) traeqtoria (romelic naxazze 

aRniSnulia daStrixuli xazebiT) , (                    , maSin   

  (                      )gza aris dadebiTi . piriqiT , vTqvaT   (        ) 

raime dadebiTi gzaa , da   aris drois is momenti , romlisTvisac      , 

(naxazi:5) maSin gza   (                     ) aris uaryofiTi . moyvanili 

konstruqciidan gamomdinareobs , rom dadebiT da uaryofiT gzebs Soris  , 

romlebisTvisac erTi mainc      , arsebobs urTierTcalsaxa Sesabamisoba , maSin 

(10) formula damtkicebulia. 

davadginoT axla (11) tolobis samarTlianoba . simetriis da (10) –is ZaliT 

sakmarisia davamtkicoT , rom 

   (            )     (            ) 

da    ,        iseTi , rom         (     ) . 

mniSvnelobebis simravle (     )SeiZleba warmovadginoT ori    da    jamis 

saxiT , sadac    -is gzebia (        ) , romelsac mxolod erTi minimumi aqvs da 

  -is gzebi minimums aRweven or wertilSi mainc . 

   vTqvaT        (naxazi: 6) da   aris minimumis wertili .                      

   (        ) mniSvnelobebs Seesabameba   
  mniSvneloba , romelic miiReba Semdegi 

xerxiT (naxazi: 7) . avsaxoT traeqtoria (        )  vertikaluri RerZis axlos , 

romelic gadis   wertilze da miRebuli traeqtoria gadavitanoT marjvniv da 

zeviT da gamovuSvaT igi (    ) wertilidan . Semdeg gadavitanoT koordinatTa 

saTave (    ) –Si . miRebuli traeqtoria   
  iqneba dadebiTi gza . 

    zustad aseve , vTqvaT       , maSin imave xerxiT mas SeiZleba SevusatyvisoT 

raime arauaryofiTi   
  gza . piriqiT , vTqvT 

    
  (            )raime arauaryofiTi gzaa , romlisTvisac        (naxazi: 7). 

SevusatyvisoT mas    , romelic miRebulia Semdegi saxiT . davuSvaT   bolo 

wertilia , saidanac      . avsaxoT (        ) ,     , vertikalur RerZTan 

axlos da gadavitanoT traeqtoria qvemoT da marcxniv ise, rom misi marjvena 

bolo daemTxves (   ) wertils . miRebuli traeqtoriis sakoordinato saTave 

gadavitanoT marcxena boloSi (es iqneba is traeqtoria , romelic gamosaxulia 

naxazze: 20 ) miRebul gzas    (        ) -s aqvs minimumi da       , analogiur 

konstruqcias mivyavarT gzebisken , romlebsac ori minimumi gaaCniaT da         

(            ) da    ,        iseTi , rom             . amiT dgindeba 

urTierTcalsaxa Sesabamisoba , romelic swored amtkicebs saWiro (11) Sedegs . 

maSasadame toloba (9) da , Sesabamisad formula 
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      (   )      
 

  
  (   ) 

dadgenilia .stirlingis formulidan 

       
       

 

√  
          

amitom 

    
 

 √  
 
 ⁄
            

aqedan gamomdinareobs , rom pirvelad 0-Si dabrunebis dros maTematikuri lodini 

    (      )  ∑   (      )

 

   

       ∑  (   )       

 

   

 

aris sakmarisad didi . ufrometic 

∑  (   )  

 

   

    

Sesabamisad , SemTxveviTi xetialis 0-Si dabrunebis saSualo xangrZlivoba , 

SemTxveviTi xetialis zRvruli mniSvneloba udris   -s . (usasrulo bijebis 

raodenobisTvis ). Ees garemoeba xsnis simetriuli SemTxveviTi xetialis 

moulodnel Taviseburebebs . magaliTad iyo molodini imisa , rom    drois 

ganmavlobaSi iqneboda yaimebis ricxvi ori sxvadasxva moTamaSisgan . (      ⁄ ) . 

e.i   momentis ricxvi , romlisTvisac     , unda iyos    –is proporciuli , 

Tumca saboloo jamSi yaimebis raodenoba√    rigisaa . aqedan gamomdinareobs , 

kerZod , rom miuxedavad lodinisa, (          ) <<tipiuri>> xetialis realizebas 

unda hqondes ara sinusoiduri xasiaTi ( romelic magaliTad nawilaki drois 

naxevars atarebs dadebiT mxares da meore naxevarsuaryofiT mxares ) , aramed 

grZeli xangrZlivi talRis xasiaTi . zusti formulis damtkiceba moicema e.w 

arksinusis kanoniT da axla am Temis gadmocemas SevudgebiT . 

 

2. 

       –iT aRvniSnoT albaToba imisa , rom ,    - ricxviT monakveTze nawilaki    

imyofeba dadebiT mxares . 

lema 2: vTqvaT       da       , maSin 

    ∑      (   )

 

   

(  )  

ramdenadac *     +  *      + , maSin 

*     +  *     +  *      +  ∑ *     +  *      +  
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aqedan gamomdinareobs , rom 

     (     )  ∑  (            )  ∑  (     |      ) (      )

          

   

magram 

 (     |      )   (     |                    )   

  (    (           )|     )   (             )   (  (   )   ) . 

amitom 

    ∑  (  (   )   ) (      )

     

   

rasac (13) amtkicebs . 

gadavideT (12) formulis damtkicebaze .     da     –Tvis samarTlianoba 

TvalsaCinoa . 

vTqvaT axla         . Tu nawilaki    drois momentSi aris dadebiT mxares , 

maSin is gadis   –ze . vTqvaT    aris nulTan dabrunebis pirveli momenti . 

SesaZloa ori SemTxveva : roca            da            . advilia SevniSnoT , 

rom mniSvnelobaTa ricxvi , romelic Seesabameba pirvel SemTxvevas tolia 

(
 

 
        )   

 (   )  (   )  (   )  
 

 
           (   )  (   )   

meore SemTxvevisTvis mniSvnelobaTa ricxvi  tolia : 

 

 
              (   )   

maSasadame         –Tvis 

       
 

 
∑   

 

   

  (   )  (   )  
 

 
∑   

 

   

     (   )(  )  

mivuTiToT , rom formula                   marTebulia          -Tvis maSin 

(13) da (14) –dan vpoulobT , rom 

       
 

 
       ∑           

 

 
    ∑              

 

   

 

   

 

 
 

 
           

 

 
                        

lema damtkicebulia . 

axla , vTqvaT  (  ) aris drois erTeulis ricxvi , romlis drosac nawilaki 

imyofeba dadebiT RerZze ,    - intervalSi , maSin     –Tvis 
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 {
 

 
 
 (  )

  
  }  ∑         

{   
 
 
 
  
  
  }

 

roca       ,     
 

√  
 , maSin 

             (   ) 
 

 √ (   )
    

Tu        . amitom 

∑        

{   
 
 
 
  
  
  }

∑
 

  
{   

 
 
 
  
  
  }

[
 

 
(  

 

 
)]
  ⁄

     

saidanac 

∑        

{   
 
 
 
  
  
  }

 

 
∫

  

√ (   )

 

 
 

           

magram simetriis Sesabamisobidan 

∑       

{   
 
 
 
  
  
  }

 
 

 
   

amiT damtkicebulia Semdegi Teorema  (arksinusiskanoni) . albaToba imisa , rom 

drois wili romlis drosac nawilaki imyofeba dadebiT mxares , naklebia an 

tolia  -is , maSin esalbaToba miiswrafis 

          √  ∑       

{   
 
 
 
 
 
  }

           √   (  )  

SevniSnoT , rom integralqveSa funqcia  ( ) integralSi 
 

 
∫

  

√ (   )

 
 

 

 warmoadgens  -s 

saxis mruds , romelic miiswrafis usasrulobaSi     da     wertilSi . 

aqedan gamomdinareobs , rom didi   –ebisTvis 

 {  
 (  )

  
  }   {

 

 
 
 (  )

  
 
 

 
  }   

e.i rac ufro metia albaToba imisa , rom , romlis drosac nawilaki imyofeba 

dadebiT mxares , iqneba axlos  -Tan an  -Tan , bunebrivad mosalodnel 

mniSvnelobasTan 
 

 
 –Tan. gamoviyenoT arksinusis cxrili da vixelmZRvaneloT im 

garemoebebiT , rom saboloo jamSi krebadobis siCqare (15)-Si Zalian Cqaria . 

gamodis , rom  
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 {
 (  )

  
      }         

 {
 (  )

  
    }         

 {
 (  )

  
    }          

 {
 (  )

  
     }        

 

$ 3 . simetriuli SemTxveviTi xetiali . 

   brounis moZraobis Seqmnas Cven viwyebT simrtriul xetialTan erTad , romlis 

pirveli gzana Cvenebia ( naxazze 1 ) . SemTxveviTi simetriuli xetialis agebisas , 

Cven xelaxla vagdebT  realur monetas (  ,   –is albaToba yovel agdebaze da 

      ,   albaToba yovel agdebaze , orive erTad aris 
 

 
-is toli). Cven agdebis 

mimdevrobisSedegebs aRvniSnavT           -iT .sxva sityvebiT rom vTqvaT ,   

aris agdebis usasrulo mimdevroba da    aris   adgebisSedegi . 

   {
       

       
 

da aRvniSnoT         

   ∑  

 

   

          

          procesi aris simetriuli SemTxveviTi xetiali . yoveli agdebisas is 

an miaRwevs erTerTeuls an Camova erTerTeulamde da am ori Tvisebis toloba 

SesaZlebelia . 

 

$ 4 . simetriuli SemTxveviTi xetialis zrdadoba . 

   SemTxeviT xetials aqvs damoukidebeli nazrdi . es imas niSnavs , rom Tu Cven 

amovirCevT arauaryofiT              , SemTxveviTi sidideebi           

    (       ) (       )   (         ) iqnebian damoukideblebi . yovel am 

SemTxveviTsidides 

          ∑   

    

    

 

ewodeba SemTxveviTi xetialis nazrdi . esaa SemTxveviTi xetialis cvlileba   -sa 

da     -s Soris .  Cveni nazrdebi aris damoukidebeli imitom , rom isini 
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damokidebulia sxva da sxva monetis agdebaze . ufro meti , yovel               

nazrds aqvs maTematikuri lodini 0 da dispersia         . martivi dasanaxia , rom 

maTematikuri lodini aris 0 imitom , rom lodinis Sefaseba yovel    Cvenebisas 

(3.2.3)-is  marjvena mxares aris 0 . Cven agreTve gvaqvs    (  )     
 =1 da 

gansxvavebuli    -Tvis arian damoukideblebi . Cven (3.2.3)- dan gvaqvs , rom  

   (             )  ∑    (  )

    

      

 ∑   

    

      

          

simetriuli SemTxveviTi xetialis cvlileba Tavs iyris erT erTeulTan . Aase , 

rom Cveni raime zrdadi intervali   icvleba   -mde arauaryofiTi ricxvebisTvis. 

    aris    .  

 

$ 5. martingalis Tviseba simetriuli SemTxveviTi xetialisTvis . 

   imis dasanaxavad , rom SemTxveviTi xetiali aris martingali , Cven virCevT 

arauaryofiT ricxvebs     da viTvliT  

 ,  |  -   ,(     )    |  -   

  ,     |  -   ,  |  -   

  ,     |  -      

  ,     -          

aq Cven viyenebT aRniSvnas  , |  - pirobTi maTematikuri lodinis , romelic 

eyrdnoba   dromde arsebul informacias , romelic am SemTxvevaSi aris   pirveli 

agdebis Sedegi . meore toloba aris pirobiTi maTematikuri lodinis wrfivobis 

Sedegi. Mmesame toloba aris Sedegi imisa , rom    damokidebulia pirvel   

agdebaze . (es aris   - zomadi , sadac    aris  - algebra , romelic Seesabameba 

pirvel    momentis Sedegs ) . meoTxe Tanasworoma mosdevs damoukideblad .  

  

 

$ 6. simetriuli SemTxveviTi xetialis kvadratuli variacia . 

    sabolood Cven ganvixilavT simetriuli SemTxveviTi xetialis kvadratul 

variacias . kvadratuli variacia   momentamde aris gansazRvruli Semdegnairad: 

,   -  ∑(       )
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gaviTvaliswinoT , rom is gamoTvlilia TandaTan . kvadratuli variacia    

momentamde gamoiTvleba yvela nazrdis         traeqtoriebis gaswvriv .  

( isini arian toli 1 an -1 , rac traeqtoriazea damokidebuli ) , Semdeg kvadratSi 

ahyavT es nazrdebi da ajameben maT . vinaidan (       )
 =1 , imis mixedviT    

      aris Tu ara 1 an -1 , jami tolia  

∑     

 

   

 

   Cven SevniSnavT , rom ,   -  igivea rac    (  )  ( viRebT        da      ) 

magram gaTvla am ori sididis savsebiT gansxvavebulia .      (  ) gamoTvlis gza 

mTlianad Teoriulia , maTi albaTobebis gaTvaliswinebiT . Tu SemTxveviTi 

xetiali ar iyo simetriuli ( e.i.   iyo gansxvavebuli        - sgan ) , es ki mas 

Semdeg , rac gvaqvs     (  ) . SeTanxmebis Tanaxmad ,   -    gamoTvlilia erTi gzis 

gaswvriv da albaTobebis wina da Semdgomi nabijebi ar Seva gamoTvlebSi . 

SemTxveviTi xetialis variaciis gamoTvla SeiZleba  mxolod  Teoriulad , imitom 

rom is moiTxovs saSualod met gzebs , gacnobiereblad da gaucnobiereblad. 

Tumca , aRnisnuli Sedegis moncemebidan SeiZleba gamovTvaloT gacnobierebuli 

gzis gaswvriv kvadratuli funqciebi sakmaod calsaxad . SemTxveviti 

xetialisTvis aris garkveulwilad uCveulo funqcia , rom ,   -  ar aris 

damokidebuli konkretulad arCeul gzebze  , romlis gaswvriv is aris 

gamoTvladi .  

  

$ 7. grafikebi. 

 

                                                                                                                                                

 

 

 

(naxazi 1.)  

  

   
      

 

  
  simravlis traeqtoriis magaliTi . 
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            ( ) 

 

     

     

 (naxazi 2.) 

 

     

        

 

 

 ( )- albaToba . roca nawilaki gamodis  -wertilidan , is ufro swrafad 

miiswrafis   wertilisken , vidre 0 wertilisken . 

 

 

 

 

 (naxazi 3.) 

 

 

 

 

 

   (naxazi 4.) 
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                                                    (naxazi 5.) 

 

 

   

 

 

 

 

 

          

                               (naxazi 6.) 

                             (    ) 

 

 

 

 (     ) 

 (naxazi 7.) 

 (   )                               
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