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Sesavali 
 

maTematikuri statistikis ZiriTadi amocanaa Catarebuli 
dakvirvebebis safuZvelze ganawilebis kanonis dadgena an mocemuli 
ganawilebis kanonebis simravlidan ama Tu im ucnobi parametrisa da sxva 
maxasiaTeblebis dadgena. Tanac es unda moxdes optimaluri saSualebebis 
gaTvaliswinebiT. TviT optimalurobis pirobebi yovel konkretul 
SemTxvevaSi dasmuli amocanidan gamomdinareobs. 

aRwerili amocana metad zogadi xasiaTisaa. sxvadasxva kerZo saxis 
problemebze muSaoba XIX saukunis yvelaze cnobilma maTematikosebma 
daiwyebs, radganac am moRvaweobas uSualo praqtikuli mniSvneloba hqonda 
sadazRveo saqmeSi da socialur statistikaSi. am periodis mkvlevarebidan 
unda gamovyoT k. gausi, romelic did dros uTmobda statistikuri masalebis 
damuSavebasa da aseTi damuSavebis meTodebis Seqmnas. Tumca warmatebuli, 
sistematiuri da farTemaStabiani kvlevebi maTematikur statistikaSi XX 
saukunis 30-iani wlebidan iwyeba, roca a. kolmogorovisa da n. smirnovis 
SromebSi gadawyvetil iqna principuli xasiaTis sakiTxebi dakavSirebuli 
Teoriuli ganawilebis funqciis Sefasebisa e. w. empiriuli ganawilebis 
funqciis saSualebiT. am kvlevebSi, romlebic dResac didi intensivobiT 
viTardeba, CarTuli arian msoflios mravali qveynis wamyvani maTematikosebi. 

maTematikuri statistikis amocanebi, pirobiTad, or did klasad 
SeiZleba iqnes dayofili: parametruli da araparametruli Sefasebebi. pirvel 
SemTxvevaSi winaswar cnobilia ganawilebis funqciis klasi da dakvirvebebis 
saSualebiT unda Sefasdes garkveuli parametrebi. meore klasis amocanebis 
ZiriTad problemas ki TviT ganawilebis aRwera warmoadgens. 

am naSromSi SevexebiT swored araparametruli statistikuri 
Sefasebebis zogierT aspeqts. aqve unda aRiniSnos, rom am mimarTulebiT 
saqarTveloSi moqmedi mecnierebis damsaxureba sakmaod mniSvnelovania. XX 
saukunis 50-iani wlebidan dawyebuli profesori g. mania (prof. n. smirnovis 

moswavle) sistematiurad aqveynebda metad mniSvnelovan Sedegebs (ix. misi 

monografia ]1[ ). unda aRiniSnos prof. r. CitaSvilis da misi moswavleebis 

metad originaluri gamokvlevebi. gansakuTrebulia profesor e. nadaraias 
wvlili aRniSnul TeoriaSi. is erT-erTi pirvelTagani iyo, vinc SemTxveviTi 
sididis ucnobi ganawilebis simkvrivisaTvis e. w. gulovani Zalmosili 
Sefasebebi aago da aCvena sxvadasxva saxis zRvariTi Teoremebis 
samarTlianoba. prof. e. nadaraiam pirvelma Seafasa regresiis wiri 
araparametruli meTodebis gamoyenebiT da am meTods literaturaSi 
nadaraia-vatsonis meTodi ewodeba. 

Cven moviyvanT araparametruli Sefasebebis amocanebis dasmisa da 
gadawyvetis unificirebul meTodebs da Semdeg am meTodebze dayrdnobiT 
miviRebT Sefasebis sxva Sedegebs. 
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Tavi 1 

 
albaTuri ganawilebis simkvrivis gulovani Sefasebebi. 

erTganzomilebiani SemTxveva 
 

am nawilSi Cven ganvixilavT araparametruli statistikuri Sefasebis 
amocanis dasmas da moviyvanT ZiriTadi problematikis mimoxilvas. aqve 
ganvixilavT sxvadasxva statistikuri kriteriumebis Sefasebas. moviyvanT, 
agreTve am problematikasTan dakavSirebul zRvariT Teoremebs. 
 
 

1.1.  amocanis dasma 
 

gulovani Sefasebebi warmoadgens araparametruli statistikuri 
Sefasebebis umniSvnelovanes klass. misi specifikidan gamomdinare, aseTi 
midgoma gulisxmobs garkveul SezRudvebs gansaxilvel klasze. aq jer-
jerobiT ganvixilavT mxolod erTganzomilebian SemTxvevas. am kerZo 
SemTxvevaSi kargad gamoikveTeba problematikis mTeli speqtri. ganvixilavT 
maTematikuri statistikis ZiriTad moTxovnebs, rogoricaa Zalmosileba, 
cdomilebis zRvariTi xasiaTi, krebadobis optimaluroba da sxva. 

sazogadod amocana ase ismeba: vTqvaT  X   SemTxveviTi sididea  

 P,,   albaTur sivrceze, mniSvnelobebiT  R -Si. davuSvaT, rom cnobilia 

faqti imis Sesaxeb, rom am SemTxveviTi sididis ganawilebis funqcia  

 xXPxF )(   aris absoluturad uwyveti lebegis zomis mimarT da 

Sesabamisad arsebobs albaTuri ganawilebis simkvrive  )()( xFxf  . magram am 

simkvrivis saxe CvenTvis ucnobia. saWiroa garkveuli procedurebis 
saSualebiT Sefasebul iqnes simkvrivis funqcia.  

vTqvaT mocemulia Sesaswavl SemTxveviT sidideze damoukidebeli 
dakvirvebebi. es imas niSnavs, rom mocemulia erTmaneTisagan (albaTuri 

TvalsazrisiT) damoukidebeli SemTxveviTi sidideebis mimdevroba  1X ,  2X , … , 

nX , romelTagan TiToeuli ganawilebulia ise, rogorc  X   SemTxveviTi 

sidide.  am monacemebis safuZvelze unda aigos  )(xf   funqciis Sefaseba. 

parametruli Sefasebebisas SesaZlebelia CvenTvis cnobili iyos  

)(xf   funqciis saxe     |); (f   ucnobi parametris sizustiT. es ucnobi 

parametri SesaZlebelia iyos veqtoruli saxis  kR .  am SemTxvevaSi 

vuSvebT, rom namdvili simkvrive tolia  );  ( 0 ff   raRac  0 _saTvis. 

aseTi sqemis standartuli magaliTia normalurad ganawilebili SemTxveviTi 
sididis SemTxveva. gveqneba 
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x
xf ,                               (1.1) 

 

da  ),( 2  .  kargadaa cnobili (ix. mag. ]2[ ), rom am SemTxvevaSi simkvrivis 

Sefaseba aris  )ˆ;  (ˆ  ff   sadac  
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sadac  ),()( 00 
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 .  aq da yvelgan qvemoT  

d

   aRniSnavs krebadobas 

ganawilebis TvalsazrisiT.  
ase, rom Tu davuSvebT ganawilebis simkvrivis konkretuli 

simkvriveebis klasisaTvis mikuTvnebis hipoTezas, vRebulobT sakmaod karg 
Sefasebebs. es parametruli Sefasebebis standartuli suraTia. magram Tu   

   |);  (ff   daSvebis specialuri pirobebi ar gagvaCnia, maSin aRniSnuli 

meTodis gamoyenebiT SeiZleba dauSvebeli cdomileba miviRoT. sazogadod 
gveqneboda 
 

   )()(,0),()(ˆ 11 xVHHxVNxfxfn
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sadac 
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da 
 

















 );(ln);(ln 





XfXfE , 
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warmoqmnil problemas ar Svelis simkvrivis SesaZlebeli klasis 

gadarToeba. amocanas SeiZleba  arasdros hqondes amonaxseni  

   |);  (ff   pirobaSi. saWiroa principulad gansxvavebuli, Zlieri 

meTodebis gamoyeneba, imisaTvis, rom SeirCes Sesafasebeli simkvrive 
konkretuli dasaSvebi klasis gareSe. 

amitom Cven vtovebT parametruli Sefasebebis klass da vanviTarebT 
araparametruli Sefasebebis meTodikas. es meTodika gamodgeba simkvriveTa 
farTe klasisaTvis da is damoukidebelia yovelgvari parametrebis 
datvirTvisagan. CvenTvis mTavaria araparametruli statistikuri Sefasebebis 
klasidan e. w. gulovani Sefasebebis meTodikis ganviTareba. praqtikam aCvena 
aseTi midgomis efeqturoba da zogadi xasiaTi. 

 



 6 

 
1. 2. gulovani Sefasebebi 

 

vTqvaT 1X ,  2X , … , nX   erTmaneTisagan (albaTuri TvalsazrisiT) 

damoukidebeli SemTxveviTi sidideebis mimdevrobaa, anu mocemulia SerCeva. 
erTganzomilebian SemTxvevaSi empiriuli ganawilebis funqcia ase 

ganimarteba 
 

 



n

i

i xX
n

xF
1

1
)(ˆ  ,                                  (1.4)F 

 
sadac  simravlis maxasiaTebeli funqcia (indikatori) ase ganisazRvreba 
 

  0 xX i ,  Tu  0iX   da    1 xX i ,  Tu  0iX . 

 
centraluri zRvariTi Teoremis Tanaxmad mocemuli mimdevrobisaTvis gvaqvs 
 

   ))(1)((,0)()(ˆ xFxFNxFxFn
d

 . 

 
cxadia empiriuli ganawilebis funqcia aris Teoriuli ganawilebis 

funqciis araparametruli Sefaseba. Cveni mizania aseTi tipis SefasebaTa 
Teoria avagoT ganawilebis simkvrivisaTvis. 

albaTuri ganawilebis simkvrive aris, rogorc cnobilia, 
ganawilebis funqciis warmoebuli 
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imisaTvis, rom vipovoT simkvrivis Sefaseba, saWiroa am zRvarSi CavsvaT 
empiriuli funqcia. miviRebT 
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es gamosaxuleba gansazRvrulia dadebiTi, magram mcire  h -saTvis. mas zRvari 
ar gaaCnia, radgan marjvena gamosaxuleba wyvetadi funqciaa. amitom aRebuli 
formiT SemoRebuli gansazRvra arakoreqtuli iqneba. imisaTvis, rom gasagebi 
gaxdes ra formiT SevafasoT simkvrive, wina gamosaxuleba ase gadavweroT 
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aris  









2

1
,

2

1
  intervalze Tanabrad ganawilebuli SemTxveviTi sididis 

simkvrive. es Sefaseba wyvetilia da misi pirdapiri gamoyeneba Cveni 
miznebisaTvis ar SeiZleba. magram Tu (1.6) funqcias gavagluvebT da ise 
SevarCevT, rom is uaxlovdebodes aRebul indicators, Tanac akmayofilebdes 
simkvrivisaTvis damaxasiaTebel standartul pirobebs, maSin Cndeba Sansi 
imisa, rom SevZloT avagoT saZebni Sefaseba. 

(1.5) gamosaxulebaSi  )(xK   funqcias guli ewodeba, xolo TviT am 

Sefasebas gulovani Sefaseba. am SefasebaSi  h   sidide SegviZlia ricxviTi 
mimdevrobis wevrebiT SevcvaloT, Tanac iseTi mimdevroba aviRoT, rom  

0nh ,  roca  n .  maSin  nh -is SemcirebasTan erTad  )(
nh

x
K   funqciis 

argumenti sul ufro izrdeba. Tuki  (1.5) ganvixilavT, rogorc histogramas, 
maSin Cveni arCeuli funqcia iqneba am histogramis uwyveti miaxloeba da  n -is 
zrdasTan erTad is sul ufro daemsgavseba am histogramas. 

simkvrivis SefasebisaTvis gulis rolSi SeiZleba mravali sxvadasxva 
funqcia aviRoT. standartuli magaliTi aseTi gulisa aris normaluri 

simkvrive:  









2
exp

2

1
)(

2x
xK


.  SesaZlebelia agreTve sxva Tvisebebis mqone 

funqciebis aReba. maT Soris iseTic, romlebsac kompaqturi matarebeli 
gaaCnia. aseTi funqciebisaTvis gamoTvlebi martivdeba. Tanac gamoTvlebSi 
monawileobas miiReben mxolod is wevrebi SerCevidan, romlebic xvdebian am 
matareblis SigniT (danarCenebze mocemuli simkvrive ubralod nulis tolia). 
Tumca  n -is zrdasTan erTad farTovdeba es simravle da sul ufro meti da 
meti wevrebi miiReben monawileobas Sefasebis gamoangariSebisas. es gvaZlevs 
saSualebas vivaraudoT, rom zRvariTi procesi ufro informaciuli iqneba da 
Sefasebac zusti gamova. meores mxriv  n -is zrdasTan erTad mosalodnelia 
variaciis (dispersiis) zrda, rac arasasurveli momentia imitom, rom Sefaseba 
miT ufro zustia, rac ufro mcirea variacia. 

yvelaferi amis gaTvaliswinebiT vaskvniT, rom simkvrivis Sefasebis 
procesSi gulis SerCevas, am gulisaTvis mimdevrobis arCevas aqvs didi 
mniSvneloba. yvelaferi ise dabalansebulad unda moxerxdes, rom Sefasebis 
variacia ar gaxdes zRvarSi usasrulobis toli roca  n . 
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1.3. SefasebaTa zogierTi Tviseba 
 

es paragrafi mosamzadebeli xasiaTisaa. aq davamtkicebT ramodenime 
Tvisebas, romlebsac Semdeg gamoviyenebT SefasebaTa Zalmosilebisa da 
zRvariTi procedurebis dasamtkiceblad. 

lema 1.3.1.  vTqvaT mocemulia mravali cvladis funqciebi  

RRxL n :)(   da uwyveti  RRxg n :)( , Tanac Sesrulebulia Semdegi pirobebi: 

 

1. 
nR

dxxL )( , 

 

2. 0)( xLx
n

,  roca   


n

i

ixx
1

2 , 

 
 

3. 
nR

dxxg )( . 

 
maSin 
 

 






 


nn RR

nh dzzLxgdz
h

xz
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h
xg )()()(

1
:)( ,  roca  0h , 

 
Tu  )(xg   Tanabrad uwyvetia, maSin krebadobas Tanabari xasiaTi gaaCnia. 

damtkiceba. SemoviRoT aRniSvna  
h

xz
u


 . maSin 

 

  21)()()()()()( IIduuLxguhxgdzzLxgxg
nn RR

n   , 

 

sadac  1I -iT da  2I -iT aRniSnulia Semdegi integralebi 
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gveqneba 
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, 

 
saidanac vxedavT, rom pirveli Tanamaravli miiswrafis nulisaken, roca  

0 ,  radgan pirobis Tanaxmad  )(xg   uwyveti funqciaa. 

meore wevri ase CavweroT 
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saidanac CavwerT Semdeg Sefasebebs 
 

0)())(sup()()(sup
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roca  0h ,  yoveli  0 -saTvis. 

bolos 2. pirobis ZaliT  2,2I   miswrafis nulisaken Tanabrad, roca  

0 . lema damtkicebulia. 
Semdegi msjelobebisaTvis SemoviRoT multiindeqsis cneba. vTqvaT  

n

n N01 ),...,(     arauaryofiTi mTeli ricxvebisagan Sedgenili veqtoria. mas 

multiindeqsi ewodeba. misTvis  
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lema 1.3.2. vTqvaT  RRK n :  gulisaTvis da  RRxg n :)(   uwyvetad 

diferencirebadi funqciisaTvis sruldeba Semdegi pirobebi: 
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dxxK , 

 

2.   
n

i

R

n

i

i dxxKx 0)(
1
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 .  xolo Tu  )(xg   Tanabrad uwyvetia  nR -ze, maSin krebadoba 

Tanabari xasiaTisaa. 
damtkiceba. simartivis mizniT, Cven damtkicebas CavatarebT im 

SemTxvevisaTvis, roca  1n . zogadi situacia ar gansxvavdeba, teqnikurad, am 
damtkicebisagan. gamoviyenoT teiloris formula 
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romelic samarTliania yoveli  Ru -saTvis. am gamosaxulebaSi  uhxx * ,  

romeliRac  ]1,0[)(  h .  maSin 
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am jamis TiToeuli  1r   wevri udris nuls pirobis Tanaxmad, xolo 
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gamoviyenoT lema 1.3.1, rac amtkicebs am lemas. 
lema 1.3.3.  vTqvaT Sesrulebulia Semdegi pirobebi: 
 

1.  RRK m :   funqciisaTvis  
mR

dzzK )(2   da  0)(2 zKz
m

,  roca  

|| z . 

2.  simkvrivis funqcia  RRf n :   uwyvetia. 

3. uwyveti  RRg m :   funqciisaTvis   
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damtkiceba.  gavixsenoT, rom SemTxveviTi sidideebi (SerCevis 

wevrebi) erTmaneTisagan damoukidebelni da erTnairad ganawilebulni arian. 
amitom 
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aRniSnuli wevrebisaTvis gveqneba 
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saidanac lema 1.3.1-s gamoyenebiT da imis gaTvaliswinebiT, rom  ))(( 11   mnhon   

vRebulobT dasamtkicebels. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.4.  ZiriTadi Teorema 
 

ra Tqma unda guli ar SeiZleba iyos nebismierad mocemuli. 
CamovTvaloT is pirobebi, romelTa Sesrulebasac Cven moviTxovT. vTqvaT  

RRK : . 

1 K .  1)( 
R

dxxK ; 

 

2 K .  yoveli   -saTvis, roca  1,...,1  r   gvaqvs  0)( 
R

dzzKz ,  

magram  
R

dzzKz )(|| ; 

 

3 K .   
R

dzzKk )(2

2 ; 

 

4 K .  |||)()(| yxCxKyK  ,  raRac  0C   ricxvisaTvis; 

 

5 K .  


R

dzzK 2|)(| ,  sadac  0 . 
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ra Tqma unda bevri Sedegi ar iTxovs erTdroulad yvela moTxovnis 

Sesrulebas, magram simartivisaTvis jer-jerobiT moviTxovoT, rom  5  - 1 KK  
pirobebi sruldeba. 

ase, rom vTqvaT  1X , 2X , … , nX   erTnairad ganawilebul 

damoukidebel SemTxveviT sidideTa mimdevrobaa (SerCevaa). maT gaaCniaT 

albaTuri ganawilebis simkvrive  )(xf ,  romlis saxe CvenTvis ucnobia. 

SerCevis safuZvelze unda avagoT am simkvrivis Sefaseba. 
dasmuli amocanisaTvis viyenebT gulovani Sefasebas. aviRoT raRac  

)(xK   funqcia, romelic zemoT CamoTvlil  5  - 1 KK  pirobebs akmayofilebs. 

vTqvaT  nhh    dadebiTi ricxvTa mimdevrobaa, Tanac nulisaken krebadi. 

simkvrivis Sefasebas aseTi saxiT CavwerT 
 











 


n

i

i

h

xX
K

nh
xf

1

1
)(ˆ .                                (4.1.7) 

 
imisaTvis, rom Zaldebuleba vaCvenoT aseTi Sefasebisas SevniSnoT, rom 
samarTliania igivoba 
 

    ))(ˆ()(ˆ(|)()(ˆ|
2

2 xfVarxfBiasxfxfE  , 

 

sadac aRniSnulia  )()(ˆ)(ˆ( xfxfExfBias    da  22 ))(ˆ()(ˆ))(ˆ( xfExfExfVar  . 

Teorema 1.4.1.  vTqvaT simkvrive  )(xf   uwyveti funqciaa, xolo  

RRK :   akmayofilebs  2  K1, KK   da  3 K   pirobebs. maSin 
 

)1())(ˆ( oxfBias  ,                                      (1.8) 

 









  nh

odzzKxf
nh

xfVar
R

1
)()(

1
))(ˆ( 2 ,                           (1.9) 

 

amasTan roca  0h   da  nh ,  )()(ˆ xfxf
P

 . 

damtkiceba. SevniSnoT, rom 
 

 






 








 


R

dzzf
h

xz
K

hh

xX
EK

h
xfE )(

11
)(ˆ , 

 

amitom lema 1.3.1-is Tanaxmad  0)()(ˆ))(ˆ(  xfxfExfBias ,  roca  0h .  amiT 

(1.8) damtkicebulia. (1.9)-is dasamtkiceblad CavweroT 
 

























 
 

 nh
odzzKxf

nhh

xX
K

nh
VarxfVar

R

n

i

i 1
)()(

11
))(ˆ( 2

1

. 

 
aq bolo tolobis misaRebad lema 1.3.3 –ia gamoyenebuli. Teorema 
damtkicebulia. 

Cven vaCveneT  2L   krebadoba, romelic ufro Zlieria, vidre 

albaTuri krebadoba. 
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Teorema 1.4.2.  vTqvaT simkvrive  )(xf   Tanabrad uwyvetia, xolo  

RRK :   guli akmayofilebs     pirobebs. maSin 
 

0)()()(ˆ
2 P

R

dxxfxfxf  . 

 
damtkiceba. CavweroT 

 

    









RRR

dxxfxfVardxxfxfBiasdxxfxfxfE )()(ˆ)()(ˆ)()()(ˆ
22

, 

 
saidanac lema 1.3.1-is Tanaxmad 
 

  )1()()1()()(ˆ
2

odxxfodxxfxfBias
RR

   

 
da 
 

  







  nh

OdxxKdxxf
nh

dxxfxfVar
RRR

1
)()(

1
)()(ˆ 22 . 

 
Teorema damtkicebulia. 

es Sedegi SeiZleba iyos gaZlierebuli Tanabrad krebadobis 

TvalsazrisiT. es aris krebadoba normiT  )()(ˆsupˆ xfxfff
Rx




. 

Teorema 1.4.3.  vTqvaT simkvrive Tanabrad uwyvetia da  
R

dxxfx )( ,  

xolo  RRK :   guli akmayofilebs  2  K1, KK ,  3 K   da  4 K   pirobebs. maSin 

roca  0h   da  
n

nh

ln
  gveqneba 

 

0ˆ 


ff . 

 
damtkiceba. CavweroT 

 


 ffEfEfff ˆˆˆˆ . 

 

lema 1.3.1-is Tanaxmad  )1(ˆ offE 


. pirveli Sesakrebis Sesafaseblad is ase 

warmovadginoT 
 

)(ˆ)(ˆsup)()(ˆsup)(ˆ)(ˆsup xfExfxfxfxfExf
c
nn BxBxRx




,              (1.10) 
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sadac   nxRxBn  : ,  raRac fiqsirebuli  0   ricxvisaTvis. yoveli  n -

saTvis SevarCioT iseTi wertilebi   
njn jx ,...,1|,  ,  rom  nB   simravle 

daifaros  









n

jnjn

n
xxRxB





,, |   simravleebiT:  
n

j

jnn BB


1

,



 .  maSin 

 

)(ˆ)(ˆsupmax)(ˆ)(ˆsup
,

,...,1
xfExfxfExf

jn
n

n BxjBx


 

. 

 

meores mxriv, roca  jnBx ,   gveqneba 

 

)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ ,,,, xfExfExfExfxfxfxfExf jnjnjnjn  . 

 
aq Teoremis pirobis ZaliT CavwerT 
 














 







 


n

i n

jnjnii
jn

h

n
C

h

xx
C

h

xX
K

h

xX
K

nh
xfxf

1
22

,,

,

1
)(ˆ)(ˆ





, 

 
da 
 

n

jn
h

n
CxfExfE





2, )(ˆ)(ˆ  ,  raRac  0C   ricxvisaTvis. 

 
aq SefasebisaTvis gamoviyenoT literaturaSi kargad cnobili utoloba: 

yoveli  Rx   da  1   ricxvisaTvis samarTliania utoloba (ix, ]4[ ): 

 

   nhCxfExfP   exp)(ˆ)(ˆ . 

 
am utolobis gamoyeneba Cvens SemTxvevaSi gvaZlevs 
 

 













 
n

n j

nh

njnjnjnjn
j

exfExfPxfExfP







1

,,,,
,...,1

)(ˆ)(ˆ)(ˆ)(ˆmax . 

 
Cveni Sesafasebeli jamebis krebadobisaTvis, maSasadame, gvesaWiroeba, rom  

0
2


nh

n





  da    0exp  nhn  . amis miRweva ki SesaZlebelia  nhnn ln2  -is 

arCeviT. bolos SevniSnavT, rom  0)(sup
||




xf
nx 

  da  0)(ˆsup
||

P

nx

xf 
 

.  Teorema 

damtkicebulia. 
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1.5. gluvi simkvriveebis Sefaseba da ageba 
 

zemoT Teorema 1.4.1-Si Cven vnaxeT, rom  )(ˆ xf -is gadaxra (bias) aris  

)1(o   rigis. am Sedegis reducireba SesaZlebelia iseTi gulebisaTvis, 

romlebsac sigluvis maRali xarisxi gaaCniaT. davuSvaT  )(xf   simkvrive aris  

r -jer uwyvetad diferencirebadi da  




R

r

r

dx
x

xf )(
. aviRoT iseTi  K   guli, 

romlisTvisac  2 K   piroba sruldeba mocemuli  r -saTvis. maSin lema 1.3.1-is 
Tanaxmad miviRebT 
 

)()(
)(

!
)()(ˆ r

R

r

r

rr

hodzzKz
x

xf

r

h
xfxfE 




  .                     (1.11) 

 
am pirobebSi Cven movaxerxebT variaciis Semcirebas da misi rigi iqneba  

O )( rhO . 

garda aRniSnulisa  2 K   pirobidan gamomdinare, Teoriulad, isic ki 
aris SesaZlebeli, rom guli avirCioT ara aucileblad dadebiTi. mas 
SeeZleba zogierT ubanze uaryofiTia mniSvnelobebis miRebac. aseTi 
SesaZlebloba simkvriveebis SemTxvevaSi araa sasurveli, Tumca zogierT 
SemTxvevaSi (magaliTad, ekonometriul amocanebSi) es savsebiT dasaSvebia. 

vTqvaT sakmarisad gluvi guli akmayofilebs  2 K   pirobas  1r   

ricxvisaTvis. vTqvaT es gulia  )(* xK .  misi saSualebiT ganvmartoT axali 

guli aseTi tolobiT 
 

 r

r xaxaaxKxK  ...)()( 10

* . 

 
miviRoT mxedvelobaSi, rom 
 

1)(* 
R

dxxK    da   
R

ii dzzKzk )(** ,   ri 2,...,1  

 

sidideebi gansazRvrulni arian calsaxad. maSin  )(xK   gulic daakmayofilebs  

2 K   pirobas, Tuki 
 

1... **

22

*

110  rrkakakaa ; 

 

0... **

32

*

21

*

10  rrkakakaka ; 

 
. . . . . . . . . . . . . . . . . . . . . . . . . .  

 

0... *

12

*

12

*

1

*

10   rrrrr kakakaka . 
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miviRebT wrfiv gantolebaTa sistemas  0a , 1a , … , ra   cvladebis mimarT, 

romlis amoxsnis Semdeg Cven miviRebT axal guls, romelsac iseTive sigluve 
eqneba, rogoric Tavidan aRebul guls. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.6. krebadobis rigis Sesaxeb 
 

ZiriTadi Teorema Zaldebulobis Sesaxeb, arafers ambobs krebadobis 
xasiaTis Sesaxeb. am sakiTxis gamokvleva SesaZlebelia gluvi golebis 
saSualebiT. 

vTqvaT  )(xf   orjer uwyvetad diferencirebadi funqciaa, xolo  

)(xK   akmayofilebs  2 K   pirobas  2r  -saTvis. SevafasoT saSualo 

kvadratuli gadaxra  h   mimdevrobisagan damokidebulebaSi. 
 

)
1

()(
1

)()(
4

1
)()(ˆ);( 4

2

4

1

2

nh
oho

nh
xBhxBxfxfEhxMSE 






  ,       (1.12) 

 
sadac 
 

,
)(

)( 2

2

2

2

2

1 k
x

xf
xB 












    

R

dzzkxfxB )()()( 2

22 ,   
R

dzzKzk )(2

2 . 

 

moviTxovoT, rom  0h   da  nh . aseTi mimdevrobebi mravalia. 
ismeba kiTxva: romelia am mimdevrobebidan is, romlis drosac adgili eqneba 
maRali klasis krebadobas? cxadia es maSin moxdeba, roca (1.12) formulis 
marjvena mxareSi pirveli ori mTavari wevrebi aRweven minimums. ase, rom 
 

0)(
1

)(

)(

4
)(

22

3

1

2

4

1














xB
nh

hxB
h

nh

xBh
xB

. 

 
aqedan miviRebT 
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5
1

5
1

1

2*

)(

)( 









 n

xB

xB
hx .                                    (1.13) 

 
aseTnairad SerCeul mimdevrobas optimaluri ewodeba. Tu (1.12)-Si CavsvamT 
(1.13)-s miviRebT 
 

 
 

)(
)(

)(

)(
4

5
;( 5

4

5

4

5
1

5
2

2

2

*

















 non
xf

x

xf

KChxMSE x
,                 (1.14) 

 

sadac  )(KC   aris mudmivi 

 

5
4

25
2

2 )()( 












 

R

dzzKkKC .                                 (1.15) 

 

SevniSnoT, rom optimaluri  *

xh   damokidebulia  x -ze. amitom yovel  

x -Si misi gamoTvla rTulia. amitom ismeba sakiTxi raime globaluri 
Sefasebisa. 

aseT Sefasebad aviRoT 
 

 





 
RRR

dxxfVardxxfBiasdxxfxfEhIMSE ))(ˆ())(ˆ()()(ˆ)( 2
2

. 

 

am Sesakrebebis minimizacia  h -s mixedviT mogvcems: 
 

5
1

5
1

1

5
1

2* 
 n

B

B
h , 

 

sadac  2

2

2

2

2

1

)(
kdx

x

xf
B

R













  ,   

R

dzzKB )(2

2 .  ase, rom 

 

)(
)(

)(
4

5
)( 5

4
5

4
5

1
2

2

2
* 




























  nondx

x

xf
KChIMSE

R

.               (1.16) 

 
msgavsi Sedegis miReba SeiZleba im SemTxvevaSic, roca krebadobis 

kriteriumad aRebulia minimizacia  sup  normiT. es programa realizdeba iseve, 

rogorc Teorema 3.4.3 –is damtkiceba. 

rogorc davadgineT, gulovani Sefaseba ikribeba  5
2

n   xarisxiT. 

parametruli SefasebebSi, rogorc wesi, krebadobis xarisxi aris  2
1

n . am 
movlenis mizezi SeiZleba veZeboT imaSi, rom funqciis integrali agluvebs am 
funqcias da mas ufro kargad Sefasebad funqciad warmoadgens. piriqiT, 



 18 

funqciis diferencireba auaresebs funqciis saqciels da Sesabamisad ufro 
rTulad Sesafasebel sidided aqcevs. es suraTi kargad Cans amocanebSi, 
romlebSic saWiroa simkvrivis warmoebulebis Sefaseba. 

davuSvaT  )(xf   aris  1r -jer uwyvetad diferencirebadi, xolo 

guli  )(xK   akmayofilebs  2 K   pirobas. wertilovani saSualo kvadratuli 

gadaxra ase CavweroT 
 

)
1

()(
1

)()(
)!(

1
);( 2

2

2

,12 nh
oho

nh
xBhxB

r
hxMSE rr

r  , 

 

sadac  2

2

,1

)(
)( rr

r

r k
x

xf
xB 












 ,   

R

r

r dzzKzk )(    xolo  )(2 xB   iseTivea, rogorc 

zeviT. 
optimaluri mimdevroba am SemTxvevaSi miiRebs saxes 

 

12

112

1

1

2

2
*

)(

)(

2

)!(












 r

r

x n
xB

xB

r

r
h , 

 
xolo Sesabamisi saSualo kvadratuli gadaxra iqneba 
 

 
)(

)(

)(

)(
!

2
);( 12

2

12

2

12

2

12

12
* 



































 r

r

r

r

r

r

r

r

r

r

r

r

r

x non

xf

x

xf

KC
r

r
hxMSE ,              (1.17) 

 

sadac  
12

2

212 )()(

















 

r

r

R

r

r

rr dzzKkKC .  r -s zrdasTan erTad  
12

2

r

r
  uaxlovdeba 1-s. 

e.i. krebadobis xarisxi izrdeba, roca simkvrivis funqciaze sigluvis moTxovna 
izrdeba. 
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1.7. asimptotiurad normaluroba 

 
SefasebaTa TeoriaSi yovelTvis sainteresoa rogoria asimptotiuri 

ganawileba. Cvens gansaxilvel SemTxvevaSi dagvWirdeba centraluri zRvariTi 
Teorema, romelsac aq moviyvanT. 

vTqvaT mocemulia erTnairad ganawilebul SemTxveviT sidideTa 

samkuTxa mimdevroba   inU , ,  ni ,...,1 ,  1n . aRvniSnoT  1,nn EU ,  

)( 1,

2

nn UVar . 

Teorema 7.1.  Tu  
n

nn

n

U
z






1,   nebismieri  0   ricxvisaTvis 

akmayofilebs lindebergis pirobas 
 

   0||lim 2 


 nzzE nn
n

,                                (1.18) 

 
maSin 
 





n

i

d

n

nn
N

U

n 1

1,
)1,0(

1




.                                (1.19) 

 
(1.18) lindebergis pirobis SesrulebisaTvis moviyvanoT e.w. 

liapunovis Teorema. 
lema 7.1.  sakmarisi piroba (1.18) tolobisaTvis mdgomareobs SemdegSi:  

  0lim 22 






n
n

zEn ,  romeliRac  0   ricxvisaTvis. 

am Teoremebis gamoyenebiT davamtkicoT 
Teorema 7.2.  davuSvaT, rom Sesrulebulia pirobebi: 

1.  )(xf   aris orjer uwyvetad diferencirebadi da 

 






R

dz
z

zf
2

2 )(
; 

 
2.  K )(xK   guli akmayofilebs  5) (K-1) KK(   pirobebs  2r -saTvis. 

maSin 
 

  












 

R

d

dzzKxfNxfxfhn )()(,0)()(ˆ 2 , 

 

roca  0h ,  nh   da  05 nh . 
damtkiceba. cxadia 

 

     )()(ˆ)(ˆ)(ˆ)()(ˆ xfxfEnhxfExfnhxfxfhn                (1.20) 

 

da gamoviyenoT Teorema 7.1. amisaTvis ganvmartoT  






 


h

xX
K

h
U i

in

1
, . maSin 
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 n

i n

nin

R

n

R

U

ndzzKxfdzzKxf

xfExfnh

1

,

22

1

)()()()(

)(ˆ)(ˆ




. 

 

Tu  0 ,  maSin 
 

  






 






















 
 







R

i
n dzzf

h

xz
K

hhh

xX
KE

h

UE )(
111

2

2

2

2
1

2

1,










 

 









 


)1()()(
1 2

2

odzzKxf
h R




, 

 
da 
 

  )1()()(
1 2

1, odzzKxf
h

xX
K

h
VarUVar

R

i
nn 















 
  . 

 

maSin moiZebneba  0C   mudmivi, iseTi, rom 
 

 
 
 

0

)1()()(

)1()()(

)(

1

2
1

2

2

22
1

1,

2

1,222 








































odzzKxf

odzzKxf

nhUVar

UE
CnzEn

R

R

n

n

n , 

 

roca  nh . SevniSnoT, rom  )1()()( 52 onhOhOnh  ,  Tu  05 nh . Teorema 

damtkicebulia. 
SeniSvna. variaciis asimptotikis mTavari Sesakrebi aris  


R

dzzKxf )()(ˆ 2 . 

vTqvaT  yx  . damoukideblobisa da erTnairad ganawilebis 

moTxovnebidan gamova 
 

  














 







 


h

yX
K

h

xX
KCov

h
yfnhxfnhCov 111
)(ˆ),(ˆ  

 

)1(
1 11 o

h

yX
K

h

xX
KE

h
















 







 
 , 

 
sadac Cven gvinda, rom 
 

)1(
1 11 o

h

yX
K

h

xX
KE

h
















 







 
. 

 
amis saCveneblad CavweroT 
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R

dzzf
h

yz
K

h

xz
K

hh

yX
K

h

xX
KE

h
)(

11 11  

 

 






 


R

duhuxf
h

xy
uKuK )()( . 

 
gavyoT es ukanaskneli or nawilad 
 

 





















 








 











 


R

h

xy
u

h

xy
u

duhuxfuK
h

xy
uKduhuxf

h

xy
uKuK )(|)(|sup)(|)(|

2
||

2

. 

 

SevniSnoT, rom  
h

xy
u

2
||


   utoloba iwvevs  

h

xy

h

xy
uv

2





   utolobas. 

amitom 
 

0)(supsup

2
||

2
||








 








vK
h

xy
uK

h

xy
v

h

xy
u

,  roca  0h . 

 
garda amisa 
 

 


R
Rv

R

duuKvfduhuxfuK |)(|)(sup)(|)(| . 

 
meore SesakrebisaTvis 
 








 























 
 










 


R

h

xy
u

h

xy
u

duhuxf
h

xy
uKuKduhuxf

h

xy
uKuK )(|)(|sup)(|)(|

2
||

2
||

 

 



















 R
Rv

h

xy
u

dzzKvfuK |)(|)(sup|)(|sup

2
||

, 

 

saidanac Cans, rom pirveli Tanamamravli miiswrafis nulisaken, roca  0h . 
analogiuri msjelobiT SegviZlia vaCvenoT, rom yoveli  

 NiRxi ,...,1;   wertilTa simravlisaTvis, roca  ji xx  ,  ji  ,  adgili aqvs 

krebadobas 
 

 
































































 )(),...,()(,0

)(

.........

)(

)(ˆ

.........

)(ˆ

1

2

11

N

R

d

NN

xfxfdiagdzzKN

xf

xf

xf

xf

nh . 
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Tavi 2 
 

albaTuri ganawilebis simkvrivis gulovani Sefasebebi.  
mravalganzomilebiani SemTxveva 

 
Cveni mizania aRvweroT, rogor SeiZleba wina TavSi moyvanili 

Sedegebi gadavitanoT mravalganzomilebian SemTxvevaSi. 

kvadratuli  A   matricisaTvis  A   aRniSnavs am matricis 

determinants. aviRoT  RRK d :   mravali cvladis namdvili funqcia da 
ganvsazRvroT: 
 

 


 
n

i

i xXHK
Hn

xf
1

1 )(
||

1
)(ˆ , 

 

sadac  RRK d :   mravalganzomilebiani gulia, xolo  ddRH    dadebiTad 

gansazRvruli kvadratuli matricaa.  f̂   aRebuli formiT warmoadgens 

gulovani Sefasebas da masSi  H   mimdevrobaTa matricaa. zogierT SemTxvevaSi 

SeiZleba es matrica aseTi formiT avirCioT  dhIH  ,  sadac  dI   erTeulovani 

matricaa. am SemTxvevaSi 
 











 


n

i

i

d h

xX
K

nh
xf

1

1
)(ˆ .                                (2.1) 

 

aRvniSnoT, rom guls xSirad ase irCeven  



d

i

id xKxxK
1

1 )(),...,( ,  sadac  

RRK :  erTganzomilebiani gulia. 

mravalganzomilebian SemTxvevaSi  RRK d :   gulze gvaqvs 
regularobis Semdegi moTxovnebi: 

.1.K   1)( 
dR

dzzK , 

.2.K   0)( 
dR

dzzKz   nebismieri   0N -saTvis, roca  1||  r   da  


dR

dzzKz )(
2

, 

.3.K    
dR

dzzKk )(2

2 , 

.4.K   


R

dzzK 2|)(| ,  raRac  0   ricxvisaTvis. 
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CamoTvlil pirobebSi ZiriTadi Tvisebebi erTganzomilebiani 
sivrcidan gadadis mravalganzomilebian sivrceSic. samagaliTodD moviyvanT 
Zalmosilebis damtkicebas. 

Teorema 2.1.  vTqvaT Sesrulebulia Semdegi pirobebi: 
1.  K   guli akmayofilebs  )3.()1.( KK    pirobebs; 

2.  simkvrive  RRf d :   aris uwyveti; 

maSin  )(ˆ xf   akmayofilebs pirobebs: 

  )1()(ˆ oxfBias  ,                                       (2.2) 

  )
1

()()(
1

)(ˆ 2

d

R

d nh
odzzKxf

nh
xfVar

d

  ,                        (2.3) 

da 

)()(ˆ xfxf
d

 ,  roca  0h   da  nh . 

damtkiceba. Bias-sa da variaciisaTvis lema 3.3.1-is gamoyenebiT miiReba 
dasamtkicebeli. Teorema damtkicebulia. 

vTqvaT  )(xf   orjer uwyvetad diferencirebadia da gulic meore 

xarisxisaa. lema 3.3.2-dan miviRebT: 
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2

)(ˆ 2
2

hodzzKzxf
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1
)(ˆ 2
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imisaTvis, rom SevarCioT optimaluri mimdevroba gamoviyenebT 
erTganzomilebian Sedegs. miviRebT, rom saukeTeso SerCeva, integraluri 

saSualo kvadratuli azriT iqneba  4

1

1

2* 


 dn
B

B
h ,  sadac 

 


dR

dzzKzxf
d

B )();(
2

1   da  
2

2

2 )( KxfB  . 

 

Sesabamisi integraluri saSualo gadaxra (IMSE) aris  4

2

*);ˆ( 


 dnChfIMSE ,  

raRac  0C   mudmivisaTvis. 
SevniSnoT, rom krebadobis xarisxi damokidebulia ganzomilebaze. 

rac ufro metia cvladebis raodenoba, miT ufro dabalia Sesabamisi gulovani 
Sefasebis krebadobis xarisxi. 
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erTganzomilebiani SemTxvevis msgavsad SeiZleba vaCvenoT zRvariTi 
krebadoba 
 

 













 

dR

d

dzzKxfNxfxfnh )()(,0)()(ˆ 2 ,                     (2.4) 

roca  0h ,  dnh   da  04 dnh . es formula miuTiTebs im faqtze, rasac 
zemoT vwerdiT krebadobis xarisxis Sesaxeb. 

zogierT SemTxvevaSi sivrcis ganzomilebisagan es damokidebuleba 

SeiZleba ugulvebelyofil iqnas. magaliTad, vTqvaT   diii XXX ,1, ,...,   da  kiX ,   

da  jiX ,   urTierTdamoukidebelni arian yoveli  jk  -saTvis. aviRoT  





d

k

kk xfxf
1

)()( ,  sadac  kki fX ~, ,  dk ,...,1 .  gulovani Sefasebas ase avagebT 
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kkd xfxxf
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kik
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h

xX
K

nh
xf

1
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)(ˆ , 

 

romlis krebadobis xarisxi aris  5
2

n ,  radganac yoveli  kf̂   krebadia am 

siCqariT. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.2. mimdevrobisa da gulis optimaluri SerCevis amocana 
 

Cven moviyvaneT zRvariTi Tvisebebi gulze da mimdevrobaze 
moTxovnil garkveul pirobebSi. praqtikul gamoTvlebSi aseTi arCeva 
SeiZleba ar iyos advili. rogor avirCioT mimdevroba da guli gavarCioT 
erTganzomilebiani SemTxvevisaTvis, radgan mravalganzomilebiani SemTxveva 
amis analogiuria. 

Cven ukve ganvixileT mimdevrobis optimalurad amorCevis 

procedura, rogorc analizuri amocana da vnaxeT, rom aseTi  *

xhh    

SerCevisas  )(ˆ xf -is krebadobis xarisxi, saSualo kvadratuli gadaxris 

TvalsazrisiT saukeTesoa. vnaxeT, agreTve, rom saSualo kvadratuli gadaxra 
klebadia, maSin, roca klebadia (1.13) formulis Tanaxmad, roca klebadia  
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)(KC .  maSasadame gvinda ise SevarCioT  )(xK ,  rom is iyos mcire  )(KC -is 

msgavsad. minimizaciis am amocanis amonaxsenia 
 





















iSemTxvevaS sxva           0,          

    roca     5||,
5

1
1

54

3

)(

2 xx
xKe

. 

 
es guli pirvelad rusma mecnierma epaneCnikovma SemoiRo da missave saxels 
atarebs. miuxedavad amisa praqtikaSi gulis rolSi ufro xSirad normaluri 
ganawilebis simkvrives gamoiyeneben. am simkvrives yvela rigis warmoebuli 
gaaCnia da mravali sxva kargi TvisebebiT gamoirCeva. 

davubrundeT mimdevrobis SerCevis amocanas. Tu rogor mimdevrobas 
avirCevT, swrafad krebadsa, Tu nela krebads, amisagan damokidebulia gulis 

lokaluri Tvisebebi. rodesac virCevT optimaluri mimdevrobas  *

xh   es iwvevs 

principul sirTules, romelic dakavSirebulia imiT, rom rogorc 

gamosaangariSebeli formulidan Cans es arCeva damokidebulia ucnobi  f   

simkvrivisagan. cxadia amis gamo ricxviTi meTodebi ara efeqturi iqneba. 
aseTi sirTules gverdis avla sxvadasxvanairad xerxdeba. yvelaze 

gavrcelebuli aris e. w. “silvermanis amowurvis meTodi”. am meTodis 
Sesabamisad ase viqceviT. SevarCevT nebismier CvenTvis cnobil simkvrives. 

magaliTad gausis simkvrives  






 


2

2
*

2

)(
exp

2

1
)(



ax
xf .  amis Semdeg 

gamovTvliT aRebul  x   wertilSi  )(* xf -sa da  
2

*2 )(

x

xf




  da (1.13) formulis 

saSualebiT vipoviT optimalur mimdevrobas. Tuki amis Semdeg aRmovaCenT, 

rom  *f   didad gansxvavdeba  f -sagan, maSin avarCevT aRebuli simkvrivisagan 

parametruli ojaxs  )(* ,  f ,  sadac     da daviwyebT   -s SerCevas. Tu es 

simkvrive aris normaluri ganawilebis simkvrive, maSin parametruli klasi 

iqneba    0,:, 2   Raa . am azriT amocana daiyvaneba pirvel paragrafSi 

ganxilul parametruli amocanaze. 
“amowurvis meTodis” gasaumjobeseblad garkveuli iteraciuli 

procedura. dasawyisisaTvis aviRebT romelime mimdevrobas. mas gamoviyenebT 
pirveli gulovani Sefasebis asagebad. Tu es gulovani Sefaseba CvenTvis 
gamosadegi iqneba, maSin procedura damTavrebulad CaiTvleba. winaaRmdeg 

SemTxvevaSi, gamoTvlili  )(* xf -is saSualebiT avagebT axal “optimaluri” 

mimdevrobas da silvermanis meTodis kidev erTxel gamoyenebiT avagebT axal 
guls da a. S. mtkicdeba, rom es procedura krebadia garkveuli TvalsazrisiT 
da mas optimaluri krebadobisaken mivyavarT. 

mimdevrobis optimizaciis meore meTodi literaturaSi cnobilia  

Cross-Validation saxelwodebiT. es faqtiurad aris umcires kvadratTa meTodi 
mimdevrobis ricxviTi SerCevisaTvis. 

mTavari idea imaSi mdgomareobs, rom  h   mimdevroba ise SevarCioT, 

rom Sesabamisi saSualo kvadratuli gadaxra  (ISE) iyos umciresi. CavweroT 
integraluri kvadratuli gadaxra 
 

 
RRR

dxxfdxxfxfdxxfhISE )()()(ˆ2)(ˆ)( 22 . 
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bolo Sesakrebi araa damokidebuli  h -ze. amitom SegviZlia misi 
ugulvebelyofa. vcadoT pirveli ori Sesakrebis minimizacia. pirveli 

integralis gamoiangariSeba yovelTvis SegviZlia mocemuli  h -saTvis, maSin, 

roca meore integralSi es ar SeiZleba, radganac masSi ucnobi  )(xf   

simkvrive monawileobs. SevafasoT meore integrali dakvirvebis nawilis 
saSualebiT ase 
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sadac ugulvebelyofilia  i -uri dakvirveba  )(xf -is SefasebaSi. meore 

integrali aseTi jamiT SevafasoT:  


n
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ii Xf
n 1

)(ˆ
1

.  maSin minimizaciisaTvis saWiro 

funqcia iqneba 
 











 


n

ji

ji
n

i

ii

R
nh

K

h

XX
K

hn
Xf

n
dxxfhCV

1,

*

2
1

2 )0(
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)(ˆ
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sadac  )(2)()( )2(* zKzKzK  .  aq  )2(K   aris naxvevi gulisa Tavisive TavTan 

 

 
R

dvvKvuKzK )()()()2( . 

 

magaliTad, Tu  K   aris (0,1) parametrebiT ganawilebuli normaluri 

simkvrive, maSin  )2(K   aris  )2,0(  parametrebiT ganawilebuli normaluri 

simkvrive. am SemTxvevebSi saZebni mimdevrobas ase avagebT 

)(minarg
0

hCVh
h

CV


 . 

naCvenebia, rom roca  n , maSin  CVh   ikribeba optimaluri  *h   

mimdevrobisaken. amasTan dadgenilia, rom krebadobis siCqare sakmaod 

dabalia da  10
1

n -is tolia. 
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2.3. testirebis sqema 
 

simkvrivis araparametruli Sefasebebi SeiZleba gamoyenebul iqnas 
ganawilebisaTvis hipoTezebis Sesamowmeblad. amis aRsawerad davubrundeT 
marginaluri simkvrivis Sefasebis erTganzomilebian SemTxvevas. CavTvaloT, 

rom mocemulia simkvrivis parametruli klasi, magaliTad  ),(   f ,  kR .  

   parametris Sefaseba SesaZlebelia (1.2) formulis gamoyenebiT, garkveul 

pirobebSi. Sefaseba sakmaod regularulia da  )ˆ( ;  f   sakmaod kargi 

yofaqceviT gamoirCeva. aseTi SefasebisaTvis dakmayofilebuli iqneba 
hipoTeza: 

)((: 00 ;  )      ffH   raRac  0 -saTvis. 

SevniSnoT, rom araparametruli meTodebi mxolod aRniSnuli hipoTezisaTvis 
moqmedebs da Cveni es moqmedeba ar aris zogadi xasiaTis. 

f̂   gulovani Sefaseba aris modelisagan damoukidebeli da amitom 

aris Tavsebadi, rogorc  H   hipoTezasTan, aseve alternatiul hipoTezasTan  

)((: ;  )   ffHA   yoveli   -saTvis. sainteresoa aseT SemTxvevaSi 

SevadaroT orive meTodiT miRebuli Sedegebi erTmaneTs. amis gasakeTeblad 

amovirCioT erTmaneTisagan gansxvavebuli  Nxx , . . . ,1   wertilebi  f   funqciis 

matarebeli simravlidan.  0H   hipoTezis pirobebSi CavTvaloT, rom  

  )1();()ˆ;( 0 Pii oxfxfnh     (es Sesrulebulia, magaliTad maSin, roca  )ˆ;( ixf   

krebadia  n   rigiT), 
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. 

 
maSasadame aseT tests gaaCnia dabali simZlavre. magaliTad SeiZleboda ise 

agverCia es wertilebi, rom arCeuli wertilebisaTvis  
P

ˆ   da maSin 

Cven miviRebdiT, rom  );()( ii xfxf  ,  maSin, roca sinamdvileSi  );()( ii xfxf  .  

e. i.  nT ,1 -is gamoyenebiT miviRebT  0H   hipoTezas, maSin roca adgili aqvs 

Sebrunebul (alternatiul) hipoTezas. am situacias ar amartivebs arCevis  N -
is gazrda, radgan Secdomis riski mainc didia. 

amitom unda vcadoT iseTi testi avagoT, rom masSi monawileobdes 
yvela wertili matarebeli simravlidan. aseTi testia 

 

 
R

n dxxfxfT
2

,2 )ˆ;()(ˆ  . 
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cnobilia, rom  0H   hipoTezis pirobebSi    ),0( 22,2 VNTThn
d

n  .  aq 

 


R

dzzKT )(2

2 ,     









R RR

dvduvuKuKdzzfV

2

2

2 )()()(2 . 

 

alternatiuli hipoTezis pirobebSi ki  
P

nTnh ,2
. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.4. ganawilebis simkvrivis  
rekurentuli gulovani Sefasebis meTodi 

 

davuSvaT  nXXX ,...,, 21   ucnobi  )(xf   ganawilebis simkvrivis mqone, 

damoukidebeli da erTnairad ganawilebuli erTganzomilebiani SemTxveviTi 
sidideebia. rogorc wina paragrafebSi vnaxeT, rozenblatma da parzenma 

SemoiRes  nXXX ,...,, 21   SerCevaze dafuZnebuli,  )()( xf RP

n   gulovani empiriuli 

simkvrivis Semdegi ganisazRvreba: 
 





n
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in
nRP

n XxaK
n

a
xf

1

)( ))(()( .                              (2.5) 

 

valvertonma da vagnerma SemoiRes gansazRvreba  )(xfn   empiriuli 

simkvrivisa, romelic  mcired gansxvavdeba  )()( xf RP

n -sagan  da warmodgenilia 

rekurentuli formiT: 
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 .         (2.6) 

 
develsma mogvca aseve sxva ganzogadeba: 
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an kidev 
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sadac  )( jj aHd    da  H   dadebiTi mniSvnelobebis mqone raRac funqciaa. 

Semdeg reJtom da reversma Seiswavles ganzogadebebi  )(xfn   

albaTuri simkvrivis SefasebisaTvis, romlebic moicaven  (2.5) da (2.6) 

SemTxvevebs: 
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inini

R

n XxaKa
n

xf
1

)( ))((
1

)( ,                         (2.9) 

sadac  nnnn aaa ,...,, 21   , . . . )2,1( n   dadebiT ricxvTa monotonurad zrdadi 

mimdevrobaa. 
albaTuri simkvrivis rekurentuli Sefasebisas cxadad Cans ori tipis 

upiratesobas: 1) Tu cnobilia  )(1 xfn -is Sefasebis mniSvneloba, maSin  )(xfn -is 

gamosaTvlelad gamoiyeneba mxolod  nX   dakvirveba, xolo SerCevis  

11,..., nXX   mniSvnelobebi uSualod ar gamoiyeneba; 2)  (2.6), (2.7), (2.8) da (2.9)  

Sefasebebis dispersia ar aRemateba  )()( xf RP

n -is dispersias. 

Teorema 2.5. ((2.9) SefasebisaTvis asimptotiuri gadaunacvledobisa da 

Zaldebulebis Sesaxeb). davuSvaT  0)(lim
||




xKx
x

,  sadac  )()( 1 RLxK    da  

1)( 
R

dxxK .  maSin  )(xf   funqciis uwyvetobis wertilebSi adgili aqvs 

tolobas: 

)()(lim xfxEfn
n




 

garda amisa, Tu  )()( 2 RLxK    da  0
n

n ,  roca  n ,  maSin 
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)()( xfxf
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n  . 

am Teoremis dasamtkiceblad gamoviyenebT kargad cnobil faqts: 

lema (teplici). vTqvaT   nc   arauaryofiTi ricxvTa mimdevrobaa,  
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,  nb ,  roca  n .  davuSvaT, agreTve,   nd   ricxviTi mimdevroba 

krebadia raRac  d   ricxvisaken. maSin 
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kerZod, Tu  1ic   yvela  ,...2,1i ,  maSin 
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  dddd
n
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1

21 .                         (2.11) 

damtkiceba (Teorema 2.4-is). gvaqvs 
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vTqvaT,  x   aris  )(xf -is uwyvetobis wertili. davafiqsiroT nebismieri  0   

ricxvi. maSin SegviZlia SevarCioT iseTi  0 ,  rom roca  
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  sruldeba 

utoloba  
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(2.12) gamosaxulebis marjvena mxaris pirveli Sesakrebi naklebia vidre  

|)(|sup
1

||

zzK
jaz  

,  romelic klebadobiT miiswrafis nulisaken, roca  j .  

meore wevri aseve krebadia nulisaken. 

ase, rom  0jd ,  roca  j .  maSasadame, (2.11)-is ZaliT, roca  

n   gveqneba  0
1

1
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.  anu  )()( xfxEfn  ,  roca  n . 

ukve damtkicebulis Tanaxmad, gveqneba 
 



 31 

 






















n

k R

kkkn
n

oduufuxaKaanxDf
1

22 1
)())(()( . 

 
aqedan da (2.10)-dan miviRebT, rom 
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n  ,  roca  n . Teorema damtkicebulia. 

Teorema 2.5. davuSvaT  )(xK   guli SemosazRvrulia,  )()( xKxK  ,  

)()( 1

2 RLxKx    da  1)( 
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dxxK .  simkvrive  )(xf   da misi warmoebulebi meore 

rigamde SemosazRvrulia, amasTan  )()( 1

)2( RLxf  .  maSin 
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sadac  )(xr   SemosazRvruli da uban-uban uwyveti funqciaa. 

damtkiceba. gvaqvs 
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TeoremaSi moTxovnili pirobebis ZaliT  )(xf -is da  )(xK -is mimarT, 

SegviZlia davweroT 
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minkovskis utolobis gamoyenebiT miviRebT 
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 ,  roca  k . 

 
maSin lebegis Teoremis Tanaxmad maJorirebuli mimdevrobis krebadobis 
Sesaxeb da (2.10)-is mixedviT, (2.18)-dan miviRebT 
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meores mxriv, ukve xsenebuli lebegis Teoremidan gamomdinareobs aseve, rom 
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da Sedegad, (2.10)-is gamoyeneba da fatus lema mogvcems: 
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(2.19) da (2.20) utolobebis gaerTianebiT miviRebT (2.17)-s. Teorema 
damtkicebulia. 

SeniSvna. Tu  constxr )( ,  maSin moTxovna  )()( 1

)2( RLxf    SegviZlia 

SevcvaloT  )()( 2

)2( RLxf    pirobiT. Tu aseve  )(xr   uban-uban uwyveti funqciaa,  

 cxr )(   da  )()( 1 RLxr  ,  maSin SegviZlia moviTxovoT, rom  )()( 2

)2( RLxf  . 
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5. maliavinis funqcionalis Sefaseba  
erT da mravalganzomilebian SemTxvevaSi. 

 
am paragrafSi moviyvanT logariTmuli warmoebulis, sxvanairad, 

maliavinis funqcionalis araparametrul Sefasebas. maliavinis aRricxva XX 
saukunis bolo meoTxedSi damuSavda da albaTobis Teoriisa da saerTod 
stoqasturi analizis mZlavr iaraRad mogvevlina. es Teoria axlac intensiuri 
Seswavlis sagania. miuxedavad mravali Sromisa, romelic am kvlevebs eZRvneba, 
sakiTxis statistikuri mxare jer-jerobiT saerTod Riad rCeba. am paragrafSi 
moviyvanT am mimarTulebiT pirvel Sedegs, romelic xsnis principul 
SesaZleblobebs kvlevebisaTvis am mimarTulebiT. gansakuTrebiT CvenTvis 
sainteresoa statistikur SefasebaTa araparametruli meTodebi. 

vTqvaT   P,,   fiqsirebuli albaTuri sivrcea. ganvixiloT 

SemTxveviTi sidide   . 

vityviT, rom es sidide akmayofilebs nawilobiTi integrebis 

formulas, Tu arsebobs iseTi integrebadi SemTxveviTi sidide  )(L , rom 

nebismieri, usasrulod diferencirebadi, finituri deterministuli 

funqciisaTvis  )(RCc

   adgili aqvs tolobas 

 

)()()(  LEE                                       (2.21) 

 
aseTi tipis gansazRvra farulad Seicavs informacias SemTxveviTi sididis 
sigluvis Sesaxeb, romelzedac saubari SeuZlebelia imis gamo, rom albaTuri 
sivrcis cneba ar gulisxmobs topologiis arsebobas am sivrceze. meores mxriv 

SemTxveviTi sididis cneba eqvivalenturia zomis (ganawilebis) mocemisa  R -ze. 
es ki saSualebas iZleva misi analizuri Tvisebebis Seswavlisa. swored es 
momentia dafiqsirebuli (2.21) formulaSi. aseTi tipis gansazRvrebebi kargadaa 
cnobili sobolevis azriT ganzogadoebuli funqciebis Teoriidan. es 
mimarTuleba moskovis maTematikur skolaSi zomaTa klasebisaTvis s. fominis 
xelmZRvanelobiT 60-iani wlebidan daiwyo da dRemde warmatebiT 
mimdinareobs. magram gamosaval cnebad (2.21) tolobis msgavsi toloba frangma 
p. maliavinma 70-iani wlebis bolos SemoiRo. 

SemoRebuli gansazRvra Zalze efeqturi gamodga stoqasturi 
analizisa da maTematikuri fizikis mravali mimarTulebisaTvis, 
gansakuTrebiT ki iseTi dargebisaTvis, romlebic mniSvnelovnad gamoiyeneben 
usasruloganzomilebian meTodebs. 

davadginoT (2.21) formulidan gamomdinare ramodenime Sedegi da 
moviyvanoT magaliTebi. 

1) vTqvaT     ganawilebulia maCvenebliani ganawilebiT. e.i. misi 

simkvrivea: 
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0,
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tp
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   roca            

   roca       
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maSin 
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2 )()()()()()( dtetdttptdttptE t

RR


  


)()( 0pE . 
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anu miviRebT  )()()( ),0[0 
   pL   radgan   0)(:}0{  p . aq da 

qvemoT  )(xA   aris  A B )(R   simravlis indikatori, sadac  B )(R   borelis  

 -algebraa  R -ze. 

2) vTqvaT     ganawilebulia normaluri ganawilebiT parametrebiT   2,a . 

misi simkvrivea: 

e
at

tp 2

2

2

)(

2

1
)( 







 . 

gveqneba 




 
RRR

dttp
at

tdttptdttptE )()()()()()()(
2 




2
)(





a
E


. 

e. i. am SemTxvevaSi  
2

)(





a
L


 . 

3) Tu SemTxveviT sidides gaaCnia warmoebadi simkvrive, maSin is akmayofilebs 
nawilobiTi integrebis pirobas da   

 

)(
)(

)(
)( 0 















 p

p

p
L .                                     (2.22) 

 
marTlac 
 

dttpt
tp

tp
tdttptE p

RR

)()(
)(

)(
)()()()( 0 





 
 


  . 

 

am Tvisebidan gamomdinare Cven  )(L   funqcias   SemTxveviTi 

sididis logariTmul warmoebuls vuwodebT (Tumca es termini mis 
ganawilebas ufro Seexeba). 

4) aRvniSnoT  )(A  AP   ,  A B )(A . cnobilia, rom ganawilebis zoma     

calsaxad ganisazRvreba ganawilebis funqciis (Sesabamisad ganawilebis 

simkvrivis) saSualebiT. 3) Tviseba miuTiTebs, rom Tu    SemTxveviTi sididis 

ganawilebis zoma eqvivalenturia lebegis zomis mimarT  l~   da Sesabamisi 

simkvrive  )()( t
dl

d
t

    warmoebadia, maSin    akmayofilebs nawilobiTi 

integrebis Tvisebas da  
)(

)(
)(







L  (es gamosaxuleba gviCvenebs, rom  )(L   

funqcia namdvilad warmoadgens zomis logariTmul warmoebuls), marTlac 
 






RRRR

td
t

t
tdtttdttttdtE )(

)(

)(
)()()()()()()()(  



 . 

 

5) vTqvaT  f   raime gluvi funqciaa, xolo     SemTxveviTi sidide 

akmayofilebs (2.21) pirobas. maSin vnaxoT daakmayofilebs Tu ara aseTive 

pirobas  )( f   SemTxveviTi sididec. 
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fpxf
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fx

,                    (2.23) 

 

sadac  )(tp   aris     SemTxveviTi sididis simkvrive lebegis zomiT. am 

formulidan vxedavT, rom  f   funqcia unda iyos orjer diferencirebadi da 

misi pirveli rigis warmoebuli unda iyos niSan-mudmivi. es ukanaskneli 
miuTiTebs imaze, rom saqme gvaqvs mkacrad monotonur funqciasTan. 

6) wina Tvisebidan davaskvniT, rom Tu     akmayofilebs (2.21) Tvisebas, maSin 

mas akmayofilebs agreTve  c ,  )0( c   SemTxveviTi sididec. gvaqvs 

 

)(
1

)(
)(

)(
)( 0 









L

ccp

p
cL p 


  .                            (2.24) 

 

7) Tu     akmayofilebs (2.21) Tvisebas, maSin mas akmayofilebs agreTve  c   

sididec da  )()(  LcL  . 

8) mniSvnelovania is, rom Tu SemTxveviTi sidide    akmayofilebs  (2.21) 

Tvisebas, maSin misi ganawilebis funqcia absoluturad uwyvetia lebegis zomis 
mimarT da gveqneba 
 

)()()( ),[  LEtp t  .                                   (2.25) 

 

marTlac, aviRoT iseTi )(tK  funqcia  )(RCc

  sivrcidan, romlis matarebeli 

simravle moTavsebulia [-1,1] –Si da  1)( 
R

dttK . ganvsazRvroT  )()( ntnKtKn  .  

cxadia  )(tKn   ganawilebis simkvrivea. yoveli n -saTvis SevarCioT iseTi 

SemTxveviTi sidideebi  n , romlebic damoukidebelni arian   -sagan da maTi 

ganawilebis simkvrivea  )(tKn . am SemTxveviTi sidideebis ganawilebis 

funqciebia  




x

nn dttKx )()( . maSin nebismieri   cC   funqciisaTvis 

 

  


R R

n
n

n
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udvdvKvuEE )()()(lim)(lim)(   
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dzLzEz )()()(lim  . 
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am tolobis Tanaxmad,    SemTxveviTi sididis ganawilebis zoma absoluturad 

uwyvetia lebegis zomis mimarT. garda amisa,  )()()(lim ),[),0[  


 zn
n

zz  

albaTobiT 1. amasTan SegviZlia gamoviyenoT lebegis Teorema maJorantuli 
funqciis Sesaxeb da gadavideT zRvarze integralis SigniT: 
 

 
R

t dtELtE )()()()( ),[  .  # 

 
9) wina Tvisebidan ramodenime daskvnis gakeTeba SegviZlia. 

a) Tu     SemTxveviTi sidide akmayofilebs (2.21) pirobas, maSin mas gaaCnia 

diferencirebadi ganawilebis simkvrive. es (2.25) formulidan Cans. 

b) vTqvaT  )(L -s meore rigis momenti gaaCnia. maSin (2.25) formulidan 

miviRebT 

.)()()(  LtPtp                                   (2.26) 

 

aqedan gamodis  0)(lim 


tp
t

 . analogiurad davrwmundebiT, rom Tu  )(L -s 

gaaCnia  p   rigis momenti )1( p , maSin  ptCtp )( . 

g) samarTliania agreTve formula 

)()()( ],(  LEtp t .                                (2.27) 

es formulac zustad iseve damtkicdeba, rogorc (2.25). 
davubrundeT axla ZiriTad gansazRvras (2.21). magram ganvixiloT 

SemTxveva, roca saqme gvaqvs iteraciasTan. 
aseTi gansazRvra SemoviRoT 

vityviT, rom     da     SemTxveviTi sidideebi akmayofileben 

nawilobiTi integrebis formulas, Tu arsebobs iseTi integrebadi 

SemTxveviTi sidide  );( L ,  rom nebismieri finituri da usasrulod 

diferencirebadi  )(x   funqciisaTvis adgili aqvs tolobas 

 

);()()(  LEE  .                                (2.28) 

cxadia  )1;()(  LL  .  axla CavataroT iteracia. 

aRvniSnoT 

1)(0 L ,   ))(;()(1  kk LLL  . 

Tu arseboben  )(mL , roca  km ,...,1,0  , maSin     SemTxveviTi sididis 

ganawilebis simkvrives gaaCnia  k   rigis warmoebuli da TiToeuli 
warmoebuli ase gamoiTvleba 
 

)()()1()( 1),[

)(   mt

mm LEtp .                              (2.29) 

 

davamtkicoT (2.29) formula. vTqvaT jer  1m .  maSin aviRoT iseTi funqciebi  

)(tn ,  rom gveqnes  )()( tKt nn  . magaliTad  




t

nn dsst )()( , sadac  )(tn   

aRebulia 8) Tvisebis damtkicebidan. orjer gamoviyenoT nawilobrivi 
integreba 
 

))1;(;()()1;()()(  LLzELzEzEK nnn  . 
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gaviTvaliswinoT, rom  )()()(lim },[  


 zn
n

zz  da CavweroT 

 

  
R

z dzLLzEzE ))1;(;()()()()( ),[  . 

 
aqedan vxedavT, rom 
 

 ))1;(;()()()( ),[  LLtEtp t  . 

 
am warmodgenidan Cans, rom simkvrive diferencirebadia da samarTliania (2.29) 

formula  1m  SemTxvevaSi. analogiuradaa saqme zogad SemTxvevaSic. aviRebT 

iseT  )(tn   funqcias, rom gveqnes  )()( ),0[

)( ttm

n     da ramodenimejer 

gameorebuli nawilobiTi integrebis formuliT CavwerT 
 

 )()()( 1   mn LtEtp . # 

 

(2.29) formula gviCvenebs, rom Tu     SemTxveviTi sidide 

akmayofilebs )(mL   gamosaxulebis ganmartebas, maSin yoveli  k -saTvis, roca  

mk    gveqneba simkvrivis SemosazRvruloba, warmoebulebis gaqroba 
usasrulobaSi da aseTi utolobis samarTlianoba  

k

k

k tCLtPtp  )()()()(  . Tuki aseTi piroba sruldeba yoveli 

naturaluri ricxvisaTvis, maSin simkvriveebis simravle CarTuli iqneba 
ganzogadoebuli funqciebis TeoriaSi ZiriTad funqciaTa sivrceSi. 

(2.25) formulis analogiurad damtkicdeba aseTi toloba 
 

)(
)(

)(
)1()( 0

)(








 p

k

k

k
tp

tp
L .                              (2.30) 

 
axla ki ganvixiloT zogadi SemTxveva (2.28) formulis Sesabamisad. Tu  

   da     damoukidebeli SemTxveviTi sidideebia, maSin saqme dadis wina 

SemTxvevaze. es gamomdinareobs aseTi tolobidan 
 

  ELEEEE )1;()()()(  . 

 
amitom sainteresoa mxolod is SemTxveva, roca es sidideebi erTmaneTze 

damokidebulia. vTqvaT es damokidebuleba funqcionaluria:  )( f .  maSin 
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dttptftptftdttptftfE )()()()()()()()()()(    
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sadac  
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sazogadod SegviZlia CavweroT 
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e. i.  
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 . 

am formulidan vxedavT, rom  );( L   wrfivi da erTgvarovania 

meore argumentis mimarT. aseve SegviZlia vTqvaT, rom is diferencialuri 
operatoria. 

mTavari Tviseba am nawilSi aris Semdegi:  Tu     da     SemTxveviTi 

sidideebi akmayofileben  (2.28) pirobas, maSin 

 
)1;()(

);()(
|

),[

),[






LE

LE
xE

x

x




 ,                             (2.31) 

roca mniSvneli nulisaganaa gansxvavebuli da 0-ia, winaaRmdeg SemTxvevaSi. 

marTlac,  aRvniSnoT (2.31) tolobis marjvena mxare  )(x .  unda vaCvenoT, rom 

adgili aqvs tolobas )()()(   EfEf   nebismieri  )(RCf c

   funqciisaTvis. 

CavweroT 
 

  
R

n
n

R

n
n

dttKEtfdttKtfEEf )()(lim)()(lim)(   

 

  


RR

n
n

dtLtEtfdtLtEtf );()()();()()(lim ),0[   

 

)()()()()(    Efdttpttf
R

. # 

 
wina SemTxvevis analogiurad aqac SeiZleba SemoRebul iqnes 

iteraciuli logariTmuli warmoebulebi da maRali rigis logariTmuli 
warmoebuli. 

vTqvaT  k   naturaluri ricxvia. vityviT, rom     da     SemTxveviTi 

sidideebi akmayofileben  IP(k)  pirobas, Tu arsebobs iseTi  );( kL   

integrebadi SemTxveviTi sidide, rom nebismieri  )(RCc

   funqciisaTvis 

 

);()()()(  k

k LEE  .                               (2.32) 

 

cxadia  );();( 1  LL  . aRvniSnoT  ));(;();( 12  LLL    da a. S.  aqac 

SeiZleba wina SemTxvevis analogiuri Teoriis ageba. 
vaCvenoT, rom erTganzomilebiani Tvisebebi samarTliania zogad 

SemTxvevaSic. vTqvaT  ),...,,( 21 n  .  vityviT, rom veqtoruli SemTxveviTi 

sidide     da erTganzomilebiani SemTxveviTi sidide     akmayofileben 

nawilobiTi integrebis formulas (sxvanairad akmayofileben  IP  pirobas), 
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Tu arsebobs integrebadi SemTxveviTi sidide  );( L ,  rom nebismieri  

)( n

c RC   funqciisaTvis samarTliania toloba 

 

   );()()(  
 LEDE  .                               (2.33) 

 

sadac aRniSnulia  
n

n

n

n

xx

xxf
fD













...

),...,(
1

1

1

1

...

,   n ,...,( 1 ). 

yvela Tviseba, romelic samarTliani aris erTganzomilebian 

SemTxvevaSi, samarTliania am situaciaSic. moviyvanoT magaliTi. vTqvaT  1 ,  

2 , . . . , n  damoukidebeli SemTxveviTi sidideebia, ganawilebuli normaluri 

ganawilebis kanoniT da parametrebiT  ~k  2,0 k . 

vTqvaT  ),...,( 1 nttf   da  ),...,( 1 nttg   diferencirebadi funqciebia. maSin 

SegviZlia CavweroT 
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sadac  ),...,,( 21 n  . 

mTavari am TeoriaSi koncentrirebulia ganawilebis simkvrivis 
garSemo. aqac samarTliania aseTi Tviseba: 

vTqvaT  ),...,,( 21 n    veqtori akmayofilebs  IP ,  )1,...,1(   pirobas. maSin 

am veqtoris ganawileba absoluturad uwyvetia lebegis zomis mimarT da 
 

 )1;()()( ),[   LEtp t  , 

 

sadac  


 
n

k

kt t
1

),[ ),[ . 

am Tvisebis damtkiceba zustad iseve Catardeba, rogorc erTganzomilebian 

SemTxvevaSi. saWiroa mxolod aviRoT  )()( ),0[

1...11

0 tDt 

    funqciisaken 

krebadi ZiriTadi funqciebis mimdevroba. 

ufro metic, Tu   n ,...,1   zogadi multi-indeqsia da     

SemTxveviTi veqtori akmayofilebs  IP   Tvisebas, maSin arsebobs  )(tpD   da 

 

 )1;()()1()( 1),[

...1  





 LEtpD t

n , 

 

sadac   1,...,11 1  n . 

cxadia am Tvisebis damtkiceba ar gansxvavdeba Sesabamisi erTganzomilebiani 
Tvisebis damtkicebisagan. 

am ukanaskneli Tvisebidan gamova, rom 
 

  )1;(,...,)( 111  


 LttPtpD nn , 

 

xolo am ukanasknelidan Sefaseba  
p

tCtpD


)(   da a.S. 
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regresiis gantolebisaTvisac samarTliania zusti analogia: 

Tu     da     SemTxveviTi sidideebi akmayofileben nawilobiTi integrebis 

formulas  )1,...,1(   veqtorisaTvis, maSin 
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LE
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t




 . 

 
erTganzomilebiani damtkiceba am SemTxvevaSic ucvlelad gadadis. 

bolos moviyvanoT ganviTarebuli aRricxvis principuli gamoyenebis 
erTi mimarTuleba. 

ganvixiloT SemTxveviTi procesi  x

t ,  ),0[ t ,  xx 0 ,  Rx .  

aviRoT raime funqcia  RRF : .  xSiradaa saWiro  )( x

tEF    sididis 

warmoebulebis gamoTvla. rogorc wesi CaTvlian, rom mocemuli  F   funqcia 

gluvia da Caweren  
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)(
. magram es meTodi ar moqmedebs 

Tu ki mocemuli funqcia araa diferencirebadi. am SemTxvevebSi SeiZleba 

nawilobiTi integrebis gamoyeneba. kerZod davuSvaT yoveli  t -saTvis  x

t  

SemTxveviTi sididis ganawileba absoluturad uwyvetia da simkvrive  )(spx   

warmoebadia. maSin 
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. (2.34) 

 
ufro metic, es formula SeiZleba gamoyenebul iqnes im SemTxvevaSic, 

roca araa cnobili TviT simkvrivis saxe. aq gamoviyenebT pirdapir 
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 .                 (2.35) 

 
sainteresoa, rom (2.35) tolobis mxolod pirvel da bolo tolobebs Tu 

davtovebT, SesaZlebeli iqneba gverdi avuaroT  F   funqciaze warmoebadobis 
moTxovnas. amisaTvis ki am aRricxvaSi saWiro xdeba warmoebulis cnebis 
gafarToeba, rac keTdeba kidec. 

meore gza imisaTvis, rom (2.34) formula iqnes gamoyenebuli, 
mdgomareobs araparametruli statistikis meTodebis gamoyeneba. Tuki aviRebT 

simkvrivis Zaldebul Sefasebas  
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t

xt

n

xt

nt

x nyaK
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a
nyp

1

,
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)))(
~

((),(ˆ  ,  gamoviyenebT 

(2.34) proceduras da vaCvenebT zRvrul sigluves, miviRebT saWiro 

gamoTvlebs. aq  )1(
~ x

t , . . . , )(
~

nx

t  SerCevaa fiqsirebuli  ),( xt   wyvilisaTvis. 

wina paragrafebidan gamomdinare, SegviZlia logariTmuli 
warmoebulis Sefaseba. marTlac, rogorc erT-erTi Tvisebidan 

gamomdinareobs,  
)(

)(
)(










p

p
L


 , roca 0p .  aviRoT rozenblat-parzenis 

Sefaseba ganawilebis simkvrivisaTvis: 
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maSin, rogorc wina paragrafebSi Sedegebidan gamomdinareobs, logariTmuli 
warmoebulis Zaldebuli Sefaseba iqneba 
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gulis SefasebisaTvis aucilebeli pirobebic zemoTaa mocemuli. 

analogiuradaa saqme mravalganzomilebian SemTxvevaSic. 
aseve SeiZleba zemoT moyvanili Sedegebi gamoviyenoT regresiis 

Sesafaseblad. aq saWiroa gamoyenebul iqnas nadaraia-vatsonis Sefasebebi da 
procedurebi. 
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