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                          Sesavali 

   rgolis mimarT modulis cneba abeluri jgufis da veqtoruli 

sivrcis cnebebis bunebrivi ganzogadoebaa.  araerTxel iyo nacadi 

modulTa Teoriis ideebis realizacia arakomutaciur SemTxvevaSi. 

Tavdapirvelad Seiswavleboda SemTxveva, roca skalarTa rgoli 

racionalur ricxvTa ℚ velia. A amasTan dakavSirebiT miviTiToT a. 

malcevis Teorema grexvis gareSe lokalurad nilpotenturi jgufebis 

gasrulebis Sesaxeb ([1],1949) , kargapolov- merzliakov- remeslenikovis 

SromajgufTa gasrulebis Sesaxeb ([2],1960) , g.baumslagis Sedegebi 

Tavisufal jgufTa gasrulebis Sesaxeb  ([3], 1965 ; [4] 1971) , i. kuzminis 

Sroma amoxsnad jgufTa gasrulebis Sesaxeb ([5],1972) . 

  skalarTa rgolebis ufro farTo klasebze gadasvla ( e.w. 

binomialur rgolebze ) pirvelad iyo ganxorcielebuli f. holis 

mier grexvis gareSe nilpotentur jgufebisaTvis Tavis sayovelTaod 

cnobil naSromSi ([6],1959) . 

  meore mxriv, r. lindonis SromaSi ([7],1960) nebismieri asociaciuri 

erTeuliani rgolisaTvis ( ara aucileblad binomialuri ) 

Semotanilia xarisxovani 𝑅-jgufis zogadi cneba da miRebulia 

zogierTi Sedegi Tavisufali 𝑅-jgufebisaTvis. 

 Llindonis  xarisxovani abeluri 𝑅-jgufebi yovelTvis ar arian 𝑅-

modulebi( ix. ([8],1986) , sadac dawvrilebiTaa gamokvleuli 

Tavisufali abeluri 𝑅-jgufis struqtura ), rac aZnelebs am cnebis 

gamoyenebas araTavisufali jgufebis SemTxvevaSi. 

  naSromSi([9],1994) , a. miasnikovma da v. remeslenikovma lindonis 

aqsiomebs daumates erTi aqsioma ( qvaziigiveoba ) , romlis Sedegad 

abeluri xarisxovani 𝑅- jgufebi ukve gansazrvrebiT arian Cveulebrivi 

𝑅- modulebi. Ees dazusteba warmoadgens 𝑅-modulis cnebis bunebriv 

ganzogadebas arakomutaciur jgufebisaTvis. Aam naSromSi Semotanilia 

xarisxovani 𝑀𝑅- jgufTa 𝔐𝑅 kategoria dazustebuli azriT ( 
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SemdgomSi ubralod 𝑅-jgufTa kategoria ) da gadmocemulia  aseT 

jgfTa Teoriis safuZvlebi.  

  samagistro naSromi eZRvneba jgufTa Seswavlas 𝔐𝑅 kategoriidan . 

kargadaa cnobili tenzoruli namravlis rgoli, kerZod skalarTa 

rgolis gafarToeba , modulTa kategoriaSi . naSromSi([9],1994) 

gansazRvrulia ukanaskneli konstruqciis zusti analogi nebismieri 

xarisxovani 𝑅-jgufisaTvis _ tenzoruli gasrulebis sakvanZo 

konstruqcia. samagistro naSrmSi Seswavlilia tenzoruli gasrulebis 

operaciis komutaciurobis sakiTxebi ZiriTad operaciebTan jgufebSi. 

ganvixiloT  𝑅-jgufTa 𝐺𝑖 , 𝑖 ∈ 𝐼  ojaxisaTvis Semdegi amocanebi: 

(1) vTqvaT 𝐺𝑖 , 𝑖 ∈ 𝐼, jgufTa pirdapiri naravlia 𝐺 =  𝐺𝑖 𝑖 . sworia Tu 

ara , rom 𝐺𝑆 =  𝐺𝑖
𝑆

𝑖  ? sxva sityvebiT komutaciuria Tu ara 

tenzoruli gasrulebis operacia pirdapir namravlebTan ? 

(2) vTqvaT 𝐺𝑖 , 𝑖 ∈ 𝐼, jgufTa dekartuli namravlia 𝐺 =  𝐺𝑖 𝑖
       . sworia 

Tu ara, rom 𝐺𝑆 =  𝐺𝑖
𝑆

𝑖
        ? 

(3) vTqvaT ,pirdapiri𝔾 =  𝐺𝑖 𝑖 ∈ 𝐼 , 𝜋𝑖
𝑗
  speqtris pirdapiri zRvaria 

𝐺∗ =lim→ 𝐺𝑖 . sworia Tu ara , rom 𝐺∗
𝑆 = lim→ 𝐺𝑖

𝑆 ? 

(4) vTqvaT , Sebrunebuli 𝔾 =  𝐺𝑖 𝑖 ∈ 𝐼 , 𝜋𝑖
𝑗
  speqtris Sebrunebuli 

zRvaria 𝐺∗ = lim← 𝐺𝑖 . sworia Tu ara , rom  𝐺
∗ 𝑆 = lim← 𝐺𝑖

𝑆?  

samagistro  naSromSi damtkicebulia , rom (1), (3) sakiTxebze pasuxi 

dadebiTia , xolo (2), (4) sakiTxebze uaryofiTi. 

 

 

 

§ 1.xarisxovan 𝑴𝑹-jgufTa Teoriis ZiriTadi cnebebi 

  xarisxovani MR- jgufis gansazRvreba : naSromis bolomde 

davafiqsiroT nebismieri asociaciuri R rgoli erTeuliT 1 da 

agreTve jgufi G . vTqvaT mocemulia 𝑅-is moqmedeba G-ze , e.i. asaxva 



5 
 

𝐺 × 𝑅 → 𝐺. rgolis 𝛼 ∈ 𝑅 elementis 

𝑔 ∈ 𝐺 elementze moqmedebis Sedegs aRvniSnavT 𝑔𝛼 -Ti .  

ganvixiloT aqsiomebi :  

(1) 𝑔1 = 𝑔 , 𝑔0 = 𝑒, 𝑒𝛼 = 𝑒; 

(2) 𝑔𝛼+𝛽 = 𝑔𝛼 ∙ 𝑔𝛽 , 𝑔𝛼𝛽 = (𝑔𝛼)𝛽 ; 

(3)  𝑕−1𝑔𝑕 𝛼 =  𝑕−1𝑔𝛼𝑕 ; 

(4)  [𝑔, 𝑕]= 𝑒 ⇒ (𝑔𝑕)𝛼 = 𝑔𝛼𝑕𝛼 (𝑀𝑅-aqsioma) . 

  gansazRvreba 1. G jgufs vuwodoT xarisxovani R-jgufi (an R-jgufi) 

lindonis azriT , Tu R rgolis moqmedeba G-ze  (1)-(3) aqsiomebs 

akmayofilebs . 

  gansazRvreba 2. G jgufs vuwodoT MR-xarisxovani jgufi (an MR-

jgufi) miasnikov-remelenikovis azriT , Tu R rgolis moqmedeba G-ze  

(1)-(4) aqsiomebs akmayofilebs . Aam SemTxvevaSi R-s ewodeba G jgufis 

skalarTa rgoli . 

  vTqvaT ℒR da 𝔐R londonis xarisxovan R-jgufTa da miasnikov-

remelenikovis  xarisxovan MR- jgufTa klasebia . cxadia , rom 

ℒR ⊇ 𝔐R  . 

SeniSvna . gansazRvreba 2-is Tanaxmad yoveli abeluri MR- jgufi R-

modulia da piriqiT . Mmagram , rogorc [9]-Sia aRniSnuli ,  ℒR klasSi 

arseboben abeluri R-jgufebi , romlebic ar arian R-modulebi . 

amgvarad , ℒR ≠ 𝔐R  . SemdgomSi R-jgufebis qveS vgulisxmobT MR- 

jgufebs . 

xarisxovan jgufTa bunebrivi magaliTebis umetesi nawili  𝔐R klasSia 

: 

1) Nnebismieri jgufi ℤ-jgufia ; 

2)  gayofadi abeluri jgufi ℚ-jgufia ; 

3)  jgufi 𝓂 periodiT ℤ/ 𝓂 ℤ-jgufia ;  
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4)  moduli R rgolis mimarT abeluri R-jgufia ; 

5)  nebismieri xarisxovani nilpotenturi R-jgufi binomialuri 

rgolis mimarT , romelic Semotanilia  f. polis mier [6] – Si , R-

jgufia ; 

6) nebismieri pro-𝑝-jgufi ℤ𝑝∞ -jgufia mTel 𝑝-adur ricxvTa ℤ𝑝∞  

rgolis mimarT . 

 

sizuste da grexva . vTqvaT G   R-jgufia , SemovitanoT aRniSvnebi :  

𝑥𝑅 =  𝑥𝛼  𝛼 ∈ 𝑅 , 𝑥 ∈ 𝐺 ;  𝑋𝑅 =  𝑥𝑅

𝑥∈𝑋

, 𝑋 ⊆ 𝐺 . 

 

gansazRvreba 3. elementi 0≠ 𝛼 ∈ 𝑅 zustad moqmedebs G-ze , Tu 

𝐺𝛼 ≠  𝑒  . skalarTa R rgoli zustad moqmedebs G-ze ( 𝑅 zusti 

skalarTa rgolia) , Tu R rgolis yoveli aranulovani elementi 

zustad moqmedebs G-ze . 

   gansazRvreba 4. elementi 𝑔 ∈ 𝐺 periodulia , Tu 𝑔𝛼 = 𝑒 romeliRac  

0≠ 𝛼 ∈ 𝑅 , amasTan marjvena 

𝒪 𝑔 =  𝛼 ∈ 𝑅 𝑔𝛼 = 𝑒  

ideals R-Si ewodeba 𝑔 elementis rigiTi ideali . jgufi , romelic ar 

Seicavs aranulovan periodul elementebs , ewodeba grexvis gareSe  R-

jgufi . 

ar aris rTuli dasamtkicebeli Semdegi debulebebi : 

1) jgufi R-grexvis gareSe zusti R-jgufia . 

2) vTqvaT ≠ 𝑔 ∈ 𝐺 . Tu 𝛼 Sebrunebadi elementia R-Si , maSin 𝑔𝛼 ≠ 𝑒 . 

am debulebebidan gamomdinareobs  

3)  Tu R tania , maSin yoveli R-jgufi zusti R-jgufia R-grexvis 

gareSe . 

4)  

R-qvejgufebi da idealebi . vTqvaT G   R-jgufia , 
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gansazRvreba 5. Η ≤ 𝐺 qvejgufs ewodeba R-qvejgufi , Tu 𝐻𝑅 = 𝐻 . 

Qqvejgufi Η ≤ 𝐺   

R-warmoqmnilia 𝑋 ⊆ 𝐺simravliT , Tu Η umciresi R-qvejgufia , romelic 

𝑋-s moicavs ; am SemTxvevaSi vwerT 𝐻 =  𝑋 𝑅 . 

5) vTqvaT 𝑋 ⊆ 𝐺 da 𝑋0 =  𝑋 , 𝑋𝑛+1 =  𝑋𝑛
𝑅  ,  

sadac  𝑋  qvejgufia (magram ara R-qvejgufi !) , romelic 𝑋 

simravliTaa warmoqmnili . maSin 

                   𝑋 =  𝑋𝑛
∞
𝑛=0  . 

6) Tu Η ⊴ 𝐺 , maSin   𝐻 𝑅 ⊴ 𝐺 .   marTlac , 4)-is Tanaxmad  

                                     𝐻 𝑅 =  𝐻𝑛
∞
𝑛=0  , 

sadac  𝐻𝑛+1 =  𝐻𝑛
𝑅  aqsioma (3)-is ZaliT da induqciiT 𝑛-is mimarT 

nebismieri 𝑥 ∈ 𝐺 . gveqneba 𝑥−1𝐻𝑛+1𝑥 =  (𝑥−1𝐻𝑥)𝑅 =  𝐻𝑛
𝑅  .  

 

     amgvarad , 

                             𝑥−1 𝐻 𝑅𝑥 =   𝑥−1𝐻𝑛
∞
𝑛=0 𝑥 =  𝐻𝑛

∞
𝑛=0 =  𝐻 𝑅 . 

SevniSnoT , rom yoveli Η normaluri R-qvejgufisaTvis 𝐺-dan 𝐺/ Η 

faqtor-jgufs ar gaaCnia R-jgufis struqtura . qvemoT Semotanilia 𝐺 

jgufis Η idealis cneba , romelic adgens normalur R-qvejgufisaTvis 

Η-is im pirobebs , romelTa Sedegad SesaZlebelia  𝐺/ Η-ze   

R-struqturis inducireba . 

gansazRvreba 6. vTqvaT 𝐺 ∈ ℒR . maSin 𝐻 normalur 𝑅-qvejgufs ewodeba 

 ℒR-ideali , Tu (𝑔𝑕)𝛼 ∈ 𝑔𝛼𝐻 nebismieri 𝑔 ∈ 𝐺 , 𝑕 ∈ 𝐻 , 𝛼 ∈ 𝑅 . 

gansazRvreba 7. homomorfizms 𝜑: 𝐺 → 𝐺 ′ ewodeba 𝑅-homomorfizmi , Tu  

 𝑔𝛼 𝜑= 𝑔𝜑 𝛼  ∀𝑔 ∈ 𝐺 , 𝛼 ∈ 𝑅 .    
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7) 𝐺, 𝐺 ′ ∈ ℒR jgufebisaTvis samarTliania Semdegi debulebebi :  

(1) Tu 𝜑: 𝐺 → 𝐺 ′    𝑅-homomorfizmia , maSin ker 𝜑    ℒR-idealia 𝐺-Si ; 

(2)  Tu 𝐻 − ℒR-idealia 𝐺-Si , maSin 𝑅-is moqmedeba 𝐺-ze inducirebs 

𝑅-is moqmedebas 𝐺/ Η-ze  wesiT 

 𝑔𝐻 𝛼 = 𝑔𝛼𝐻 , 𝑔 ∈ 𝐺 , 

romlis Sedegad 𝐺/ Η ukve ℒR- jgufia .   

𝔐R-idealis gansazRvrisaTvis Cven dagvWirdeba zogierTi winaswari 

cnebebi . 

gansazRvreba 8. Tu 𝑔, 𝑕 ∈ 𝐺, 𝛼 ∈ 𝑅 ,  maSin elements 

 𝑔, 𝑕 𝛼 = 𝑕−𝛼𝑔−𝛼 𝑔𝑕 𝛼 

vuwodoT 𝑔 da 𝑕 elementebis 𝛼-komutatori . 

gasagebia , rom  𝑔𝑕 𝛼 = 𝑔𝛼𝑕𝛼 𝑔, 𝑕 𝛼 , 𝐺 ∈ 𝔐R ⇔   𝑔, 𝑕 = 1 ⟶ ∀𝛼  𝑔, 𝑕 𝛼 = 1  . 

Uukanasknel eqvivalentobas mivyavarT 𝔐R-idealis gansazRvrebamde . 

gansazRvreba 9. vTqvaT 𝐺 ∈ ℒR  . normalur 𝑅-qvejgufs 𝐻 ⊴ 𝐺 ewodeba    

𝔐R-ideali , Tu nebismieri 𝑔 ∈ 𝐺, 𝑕 ∈ 𝐻 , 𝛼 ∈ 𝑅 gvaqvs  

 𝑔, 𝑕 ∈ 𝐻 ⇒  𝑔, 𝑕 𝛼 ∈ 𝐻 . 

winadadeba 1.1. vTqvaT 𝐺 ∈ ℒR . maSin 

1) Tu 𝐻 − 𝔐R-idealia 𝐺-Si , maSin 𝐻 − ℒR-idealia 𝐺-Si ; 

2)  Tu 𝜑: 𝐺 → 𝐺 ′ jgufTa 𝑅- homomorfizmia 𝔐R-dan , maSin ker 𝜑 𝔐R-

idealia 𝐺-Si ; 

3)  Tu 𝐻 − 𝔐R-idealia 𝐺-Si , maSin 𝐺/ Η ∈ 𝔐R . 

Ddamtkiceba . 1) vTqvaT 𝐻 − 𝔐R-idealia 𝐺-Si . maSin Tu 𝑔 ∈ 𝐺,   𝑕 ∈ 𝐻, 𝛼 ∈

𝑅 gveqneba  

  𝑔𝑕 𝛼 = 𝑔𝛼𝑕𝛼 𝑔, 𝑕 𝛼  . radgan 𝐻 ⊴ 𝐺 , amitom [𝑔, 𝑕] ∈ 𝐻 da , maSasadame , 
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  𝑔, 𝑕 𝛼 ∈ 𝐻 . amgvarad , 𝑕𝛼 𝑔, 𝑕 𝛼 ∈ 𝐻 da  𝑔𝑕 𝛼 ∈ 𝑔𝛼𝐻 , e.i. 𝐻 − ℒR-idealia 𝐺-

Si . 

2) vTqvaT  𝜑: 𝐺 → 𝐺 ′ jgufTa 𝑅- homomorfizmia  𝔐R-dan . maSin  𝐻 = ker 𝜑 

normaluri 𝑅-qvejgufia 𝐺-Si . Tu   𝑔, 𝑕 ∈ 𝐻 , maSin  

 𝑔𝜑 , 𝑕𝜑  =  𝑔, 𝑕 𝜑 = 1 . 

Aamis gamo 𝐺 ′ jgufSi adgili aqvs tolobas 

 𝑔𝜑 , 𝑕𝜑 𝛼 = 1 . 

Aamgvarad ,  𝑔, 𝑕 𝛼
𝜑

=  𝑔𝜑 , 𝑕𝜑 𝛼 = 1 , e.i.  𝑔, 𝑕 𝛼 ∈ 𝐻 da  maSasadame ,  

  𝐻 − 𝔐R-idealia 𝐺-Si . 

3) Tu  𝐻 − 𝔐R-idealia 𝐺-Si , maSin punqti 1)-is ZaliT 𝐻 − ℒR-idealia  𝐺-

Si Dda , maSasadame , 𝐺 𝐻 ∈ ℒR  . 𝔐R-idealis gansazRvrebis Tanaxmad 

gvaqvs  

 𝑔, 𝑕 ∈ 𝐻 ⇒  𝑔, 𝑕 𝛼 ∈ 𝐻    ∀𝛼 ∈ 𝑅 ,  

Ees ki 𝐺/ Η-Si (4) aqsiomis Sesrulebis tolfasia . ∎ 

 

 

                     $ 2.xarisxovanM𝑴𝑹-jgufTa  

kategoria 

  ZiriTadi operaciebi . vTqvaT R nebismieri asociaciuri rgolia 

erTeuliT . maSin xarisxovan R-jgufTa (lindonis azriT R-jgufTa) 

𝔐𝑅(𝔏𝑅) klasi kategoriaa , romlis morfizmebi jgufTa  

𝑅- homomorfizmebia . 
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qvemoT iqneba naCvenebi , rom 𝔏𝑅 da 𝔐𝑅 klasebi Caketilia pirdapiri 

da dekartuli namravlebis , pirdapiri da Sebrunebuli zRvrebis 

mimarT . 

vTqvaT 𝐺𝑖 ∈ 𝔏𝑅 , 𝑖 ∈ 𝐼 .  simboloebiT Π𝐺𝑖da  𝐺𝑖 aRvniSnavT Sesabamisad 

𝐺𝑖 jgufTa dekartul da pirdapir namravlebs . vTqvaT 𝑔 ∈ Π𝐺𝑖 , 

𝑔 =  … , 𝑔𝑖 , …   , 𝛼 ∈ 𝑅 . ganvsazRvroT 𝑅-is moqmedeba 𝐺-ze koordinatulad 

𝑔𝛼 =  … , 𝑔𝑖
𝛼 , …   . 

 winadadeba 2.1. klasebi  𝔏𝑅 da 𝔐𝑅 Caketilia pirdapiri da dekartuli 

namravlebis mimarT .  

Ddamtkiceba . uSualod mowmdeba , rom Tu yvela 𝐺𝑖 jgufi 

akmayofilebs (1)-(4) aqsiomidan erT-erTs , maSin  Π𝐺𝑖 da  𝐺𝑖 jgufebic 

akmayofileben am aqsiomas . ∎ 

Tu pirdapir da Sebrunebul speqtrTa gansazRvrebebSi mxolod 𝑅- 

homomorfizmebs ganvixilavT , maSin ar aris Zneli dasamtkicebeli . 

winadadeba 2.2 klasebi  𝔏𝑅 da 𝔐𝑅 Caketilia pirdapiri da Sebrunebul 

zRvarTa mimarT . 

  Mmonografia [10] –Si damtkicebulia , rom abelur jgufTa 

kategoriaSi jgufTa pirdapiri namravlis , jgufTa pirdapiri da 

Sebrunebul zRvarTa operaciebs gaaCniaT universaluri Tviseba . 

Aanalogiuri Tvisebebi gaaCniaT agreTve Sesabamis operaciebs 

xasisxovan 𝑀𝑅-jgufTa kategoriaSi . 

damtkicebisaTvis sakmarisia gavimeoroT msjelobebi [10] 

monografiidan . amis gamo Cven SemovifarglebiT Sesabamisi 

universaluri Tvisebebis CamoyalibebiT . 

winadadeba 2.3. (pirdapir namravlTa universaluri Tviseba) . vTqvaT 

𝜑𝑖 : 𝐺𝑖 → 𝐻 

𝑅-homomorfizmia , 𝑖 ∈ 𝐼 . maSin diagramebSi  
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                               𝐺𝑖            𝜌𝑖         𝐺𝑖𝑖  

                        𝜑𝑖                                               𝑖 ∈ 𝐼 ,                 (2.1)                                                                                      

                                                     𝜓      

              𝐻 

Sadac 𝜌𝑖 Cadgmebia da  𝜑𝑖 𝐺𝑖 , 𝜑𝑗  𝐺𝑗   = 𝑒 , 𝑖 ≠ 𝑗 , punqtoruli isris 

adgilas SeiZleba davsvaT calsaxad gansazRvruli iseTi 𝑅-

homomorfizmi 𝜓  

( ardamokidebuli 𝑖-ze) , rom yvela diagrama gaxdeba komutaciuri . 

aRvniSnoT  𝐺∗ = lim→ 𝐺𝑖 simboloTi pirdapiri  𝔾 =  𝐺𝑖 𝑖 ∈ 𝐼 ; 𝜋𝑖
𝑗
  speqtris 

zRvruli jgufi . 

winadadeba 2.4. a) arseboben iseTi 𝑅-homomorfizmebi 𝜋𝑖 :𝐺𝑖 → 𝐺∗ (𝑖 ∈ 𝐼) , 

rom yvela  

                        𝐺𝑖         𝜋𝑖
𝑗               

𝐺𝑗         

                      𝜋𝑖                            𝜋𝑗             (𝑖 ≤ 𝑗)       (2.2) 

 

           𝐺∗ 

diagrama komutaciuria . 

b) jgufebi  𝐼𝑚𝜋𝑖  erTobliobaSi faraven 𝐺∗-s . 

g) (pirdapir zRvarTa universaluri Tviseba) . Tu mocemulia 𝑅-

homomorfizmebi 𝜍𝑖 : 𝐺𝑖 → 𝐻 , romelTaTvisac diagramebi 

      𝐺𝑖           𝜋𝑖
𝑗
            𝐺𝑗         

                                         (𝑖 ≤ 𝑗)            (2.3) 

   𝜍𝑖                  𝜍𝑗             

         𝐻   K 
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komutaciuria , maSin arsebobs erTi da mxolod erTi iseTi 𝜍: 𝐺∗ → 𝐻 

homomorfizmi , rom yvela  

                           𝐺𝑖                 𝜍𝑖           𝐻 

 

                          𝜋𝑖                     𝜍                                          (𝑖 ∈ 𝐼)             (2.4)  

             𝐺∗              

 

Ddiagrama komutaciuria . 

aRvniSnoT 𝐺∗=lim← 𝐺𝑖 simboloTi Sebrunebuli 𝔾 =  𝐺𝑖 𝑖 ∈ 𝐼 , 𝜋𝑖
𝑗
  speqtris 

zRvruli jgufi . 

winadadeba 2.5. a) arseboben iseTi 𝑅-homomorfizmebi  𝜋𝑖 : 𝐺
∗ → 𝐺𝑖   𝑖 ∈ 𝐼  , 

rom yvela 

                                              𝐺∗           

 

                                          𝜋𝑗                                 𝜋𝑖                               (2.5) 

 

                                           𝐺𝑗           𝜋𝑖              
𝑗

𝐺𝑖 

 

diagrama komutaciuria . 

b) (Sebrunebul zRvarTa universaluri Tviseba ) . Tu 𝐻   𝑅-jgufia da 

𝜍𝑖 : 𝐻 → 𝐺𝑖   𝑅-homomorfizmebia , romelTaTvisac yvela  

                      𝐻 

                 𝜍𝑗                                 𝜍𝑖                              (𝑖 ≤ 𝑗)                (2.6) 

 

         𝐺𝑗     𝜋𝑖                   
𝑗

𝐺𝑖 

Ddiagrama komutaciuria , maSin arsebobs erTi da mxolod erTi iseTi 
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𝜍: 𝐻 → 𝐺∗  homomorfizmi , romlisTvisac yvela  

 

                                      𝐻           𝜍                𝐺∗ 

 

                   𝜍𝑖                   𝜋𝑖                              (𝑖 ∈ 𝐼)      (2.7) 

                          𝐺𝑖 

 

Ddiagrama komutaciuria . 

xarisxovan jgufTa zekategoriebi da qvekategoriebi . SemdgomSi 

teqnikurad moxerxebuli iqneba xarisxovan 𝑀𝑅-jgufTa zogierTi 

zekategoriisa da qvekategoriis ganxilva . magaliTad , Tu 𝑀𝑅-jgufis 

gansazRvrebaSi uars vityviT (4) aqsiomaze , miviRebT lindonis 

𝔏𝑅 ⊃ 𝔐𝑅 zekategorias . Tu amasTan erTad uars vityviT (3) aqsiomaze , 

miviRebT kidev ufro did zekategorias 𝒦𝑅 ⊃ 𝔏𝑅 . meore mxriv , 

SeiZleba xarisxovani jgufis zogad cnebis dazusteba (1)-(4) aqsiomaze 

raime sxva aqsiomebis damatebiT ( magaliTad , misi adaptireba ama Tu 

im specialur jgufTa mravalsaxeobebisadmi) . Aam gziT Cndeba holis 

[6] nilpotentur 𝑀𝑅-jgufTa ℋ𝑅kateoria . Bbevri ageba 𝔐𝑅 da 𝔏𝑅 

kategoriebSi moxerxebulia  vawarmooT bijebiT , TandaTan 

,,xarisxebis gansazRvriT” . amas mivyavarT nawilobriv 𝑅-jgufis 

cnebamde . 

gansazRvreba 10. G jgufs vuwodoT nawilobrivi 𝑀𝑅-jgufi , Tu 

xarisxSi ayvana SesaZlebelia zogierTi (𝑔, 𝛼) wyvilisaTvis , amasTan 

sruldeba xarisxovani jgufis (1)-(4) aqsiomebi , Tu maTSi 

gansazRvrulia tolobebis orive nawili . 

magaliTi . vTqvaT  𝑅 qvergolia 𝑆-Si . maSin nebismieri 𝑅-jgufi 

nawilobrivi 𝑆-jgufia . 

nawilobriv 𝑀𝑅- jgufTa klasi aRvniSnoT 𝒫𝑅 simboloTi . 
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vTqvaT 𝐺, 𝐻 ∈ 𝒫𝑅 .  jgufTa 𝜑: 𝐺 → 𝐻 homomorfizms vuwodoT 

nawilobrivi 𝑅- homomorfizmi , Tu  𝑔𝛼 𝜑 =  𝑔𝜑 𝛼 yvela im  𝑔, 𝛼  

wyvilisaTvis , romlisTvisac gansazRvrulia 𝑔𝛼 elementi . 

uSualod mowmdeba , rom 𝔐𝑅-Tvis 𝒫𝑅 zekategoriaa . amasTan , cxadia , 

rom 𝒫𝑅 Caketilia qvejgufebis aRebis mimarT da Seicavs erTeulovan 

jgufs . 

winadadeba 2.6.  𝒫𝑅 kategoriaSi arseboben pirdapiri , dekartuli da 

Tavisufali namravlebi , agreTve pirdapiri da Sebrunebuli zRvrebi . 

damtkiceba . damtkicebisaTvis sakmarisia arsebul universalur 

obieqtebSi ,,TandaTan” ise ganvsazRvroT 𝑅 rgolis moqmedeba , rom 

arsebuli jgufTa homomorfzmebi gaxdnen nawilobrivi 

𝑅-homomorfizmebi . ∎ 

§ 3. tenzoruli gasrulebis funqtori 

A am paragrafSi  Seiswavleba ZiriTadi operacia xarisxovan 𝑀𝑅-

jgufTa klasSi _ tenzoruli gasruleba . is skalarTa rgolis 

gafarToebis cnebas modulebisaTvis [11] bunebrivad azogadebs 

arakomutaciur SemTxvevaSi . aseTi gafarToebis ideebi nilpotentur 

jgufTa klasSi gadmocemulia naSromSi [12] . tenzoruli gasruleba 

arsebiTad gamoiyeneba xarisxovan 𝑅-jgufTa kategoriaSi Tavisufali 

konstruqciebis gansazRvrebisaTvis 𝑅-Tavisufali jgufis cnebis 

CaTvliT . 

gansazRvreba 11. vTqvaT 𝐺 − 𝑅-jgufia , 𝜇: 𝑅 → 𝑆 rgolTa homomorfizmi . 

maSin  𝑆-jgufs 𝐺𝑆,𝜇 -s ewodeba 𝑅-jgufis 𝐺-s tenzoruli 𝑆-gasruleba , 

Tu 𝐺𝑆,𝜇 akmayofilebs Semdeg uiversalur Tvisebas : 

1) Aarsebobs iseTi 𝑅-homomorfizmi 𝜆: 𝐺 → 𝐺𝑆,𝜇 , rom 𝜆 𝐺    𝑆-

warmodgenis 𝐺𝑆,𝜇 -s , e.i.  

 𝜆(𝐺) 𝑆=𝐺𝑆,𝜇  ; 
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2)  Nnebismieri 𝐻    𝑆-jgufisaTvis da nebismieri 𝑅-

homomorfizmisaTvis 𝜑: 𝐺 → 𝐻 , romelic 𝜇-Tan SeTanxmebulia (e.i. 

(𝑔𝛼)𝜑 = (𝑔𝜑 )𝜇(𝛼)) , arsebobs 𝑆-homomorfizmi 𝜓: 𝐺𝑆,𝜇 → 𝐻 , romelic 

komutaciurs xdis diagramas 

 

 

               𝐺         𝜆         𝐺𝑆,𝜇 
 

   ∀𝜑                    ∃𝜓 ,           𝜆𝜓 = 𝜑   .  

   

       𝐻 

  Tu 𝐺 abeluri  𝑅-jgufia , maSin 𝐺𝑆,𝜇 agreTve abeluria [9] , e.i. 𝑆-

modulia ; amis garda , 𝐺𝑆,𝜇 akmayofilebs imave universal Tvisebas , 

romelsac 𝑅-moduli 𝐺-s 𝑆 rgolze tenzoruli 𝐺 ⊗𝑅 𝑆 namravli . 

maSasadame , 

𝐺𝑆,𝜇 ≅  𝐺 ⊗𝑅 𝑆 . 

Aarseboba da erTaderToba .  SemdgomSi rgolTa 𝜇: 𝑅 → 𝑆 homomorfizmi 

iqneba fiqsirebuli da amis gamo 𝐺𝑆,𝜇 -s nacvlad damtkicebebSi davwerT 

𝐺𝑆-s . 

winadadeba 3.1. vTqvaT 𝐺 − 𝑅- jgufia , 𝜇: 𝑅 → 𝑆 rgolTa homomorfizmi . 

maSin arsebobs 𝐺𝑆 tenzoruli gasruleba . 

damtkiceba .  vTqvaT  𝜑𝑖 𝑖 ∈ 𝐼   𝜇-Tan SeTanxmebuli yvela im 𝑅-

homomorfizmTa  𝜑𝑖 : 𝐺 → 𝐻𝑖 simravlea , sadac 𝐻𝑖    𝑆-jgufia da 𝐻𝑖        

𝑆-warmoiqmneba 𝜑𝑖(𝐺) simravliT . aRvniSnoT 𝐺∘-iT 𝐻𝑖 , 𝑖 ∈ 𝐼 , jgufTa 

dekartuli namravli : 𝐺∘ = Π𝑖∈𝐼𝐻𝑖 . maSin  𝐺∘ − 𝑆-jgufia , xolo asaxva  

𝑖: 𝐺 → 𝐺∘ , 𝑖: 𝑔 →  … , 𝜑𝑖 𝑔 , …   , 𝑅-homomorfizmia . ganvixiloT 𝐺∘-Si 𝑖 𝐺  

simravlis mier wamoqmnili 𝑆- jgufi 𝐺𝑆 =  𝑖 𝐺  𝑆 . vaCvenoT , rom 𝐺
𝑆 

aris 𝐺-s saZiebeli tenzoruli 𝑆-gasruleba . amisaTvis sakmarisia 

davamtkicoT , rom 𝐺𝑆 -s gaaCnia Sesabamisi universaluri Tviseba .    

radgan universaluri Tvisebis pirveli moTxovna 𝐺𝑆-is agebiT 
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sruldeba, amitom SevamowmoT meore moTxvnis Sesruleba . vTqvaT 

𝜑: 𝐺 → 𝐻    𝜇-Tan SeTanxmebuli nebismieri 𝑅-homorfizmia  𝑅-jgufi 𝐺-dan 

𝑆-jgufSi  𝐻 . vTqvaT 𝐻∘= 𝜑(𝐺) 𝑆 ≤ 𝐻 maSin 𝐻∘ ≅ 𝐻𝑖 romeliRac 𝑖 ∈ 𝐼 da 

𝜑 = 𝜑𝑖  . avagoT diagrama 

 

                                         𝐺             𝜆              𝐺𝑆            𝜀            𝐺0           

 

          𝜑 = 𝜑
𝑖
                            𝜋                                   𝜋𝑖           

                                     𝐻           𝜏              𝐻0           𝜓             𝐻𝑖  , 

 

sadac   𝜓 izomorfizmia 𝐻𝑖 da 𝐻0 jgufebs Soris , romelic 

gansazRvravs 𝜑𝑖 da 𝜑-s eqvivalentobas . 𝜀 da 𝜏 Cadgmebia ,  

𝜋𝑖 : Π 𝐻𝑖 → 𝐻𝑖 kanonikuri gegmilebia da 𝜋 =  𝜋𝑖  𝐺
𝑆  . maSin  𝜋𝜀 saZiebeli 𝜇-

Tan SeTanxmebuli 𝑆-homomorfizmia , romelic mocemul diagramas 

aqcevs komutaciurad .  ∎ 

winadadeba 3.2. vTqvaT  𝐺 − 𝑅-jgufia , 𝜇: 𝑅 → 𝑆 rgolTa homomorfizmi . 

maSin  𝐺-s tenzoruli 𝑆-gasruleba 𝑆-izomorfizmamde sizustiT 

erTaderTia . 

Ddamtkiceba . vTqvaT , 𝐺1, 𝐺2   𝜇-s mimarT    𝐺 nebismieri ori 𝑆-gasrulebaa 

. maSin gansazRvrebiT arseboben 𝜓1  da 𝜓2 

𝑆-homomorfizmebi , romlebic komutaciurs xdian daiagramebs 

                 𝐺               𝜆1                    𝐺1 

 

            𝜆2            𝜓1             𝜓2 

 

            𝐺2 
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vTqvaT 𝑓1 = 𝜓1𝜓2 da 𝑓2=𝜓2𝜓1 . radgan  𝑓𝑖 igivuria 𝜆𝑖 𝐺 -ze da 𝜆𝑖 𝐺  

𝑆-warmoqmnian  𝐺𝑖 -s , amitom 𝑓𝑖 = 𝑖𝑑 , e.i. 𝜓1 da 𝜓2 urTierT  Sebrunebuli  

𝑆-homomirfizmebia . ∎ 

 (𝑘𝑒𝑟𝜑𝑖 = 𝑘𝑒𝑟𝜑  da arsebobs 𝑆-homomorfizmi 𝜓: 𝐻𝑖 → 𝐻0  ,  rom 𝜑𝜑𝑖 𝑔 = 𝜑 𝑔  

yvela 𝑔 ∈ 𝐺) . 

gamoyenebebSi  𝜇 ufro xSirad iqneba rglTa Cadgma , magram am 

SemTxvevaSic ki 𝑅-homomorfizmi 𝜆: 𝐺 → 𝐺𝑆,𝜇 yovelTvis araa Cadgma . 

izomorfuli Cadgmis zogierTi Seswavlilia naSromSi [9] . qvemoT 

moyvanili winadadeba aRwers situacias , roca 𝜆  Cadgmaa . 

gansazRvreba 12. vityviT , rom 𝑅-jgufi aproqsimirdeba 𝑆-jgufebiT 𝜇 

homomorfizmis mimarT , Tu nebisieri 𝑒 ≠ 𝑔 ∈ 𝐺 elementisaTvis 

arsebobs 𝜇-Tan SeTanxmebuli 𝐺-s 𝑅-homomorfizmi 𝜑𝑔 romeliRac 𝑆-

jguf 𝐻-Si , iseTi rom 𝜑𝑔 𝑔 ≠ 𝑒 . 

winadadeba 3.3. ([13]) . vTqvaT  𝑅-jgufi 𝐺 aproqsimirdeba 𝑆-jgufebiT 𝜇 

homomorfizmis mimarT . maSin  𝑅-homomorfizmi 𝜆: 𝐺 → 𝐺𝑆 Cadgmaa . 

damtkiceba . vTqvaT  𝑒 ≠ 𝑔 ∈ 𝐺 da 𝜑𝑔 : 𝐺 → 𝐻 iseTi 𝜇-Tan SeTanxmebuli   𝑅-

homomorfizmia , rom 𝜑𝑔 𝑔 ≠ 𝑒 , sadac 𝐻 =  𝜑𝑔(𝐺) 𝑆  . maSin arsebobs 

iseTi 𝑆-homomorfizmi 𝜓: 𝐺𝑆 → 𝐻 , rom 𝜑𝑔 = 𝜓𝜆 . maSasadame , 𝜆 𝑔 ≠ 𝑒 . ∎ 

kategoriaTa Teoriis enaze gasrulebis zemoT aRwerili operacia 

gamodis rogorc tenzoruli gasrulebis funqtori . 

vTqvaT  𝜇: 𝑅 → 𝑆 rgolTa homomorfizmia . am homomorfizmis bazaze 

avagoT Θ𝑆,𝜇 (Semdeg davweroT Θ𝑆) funqtori , romelic daakavSirebs 

xarisxovan 𝑅-jgufTa 𝔐𝑅 kategorias xarisxovan 𝑆-jgufTa 𝔐𝑆 

kategoriebTan .      obieqtze asaxva Θ𝑆 : 𝔐𝑅 → 𝔐𝑆 ganisazRvreba 

formuliT Θ𝑆 𝐺 = 𝐺𝑆  ,  sadac 𝐺 − 𝑅-jgufia , xolo 𝐺𝑆 − 𝐺 jgufis 𝜇-s 

mimarT  𝑆-gasruleba . 

ganvsazRvroT Θ𝑆asaxva 𝔐𝑅 kategoriis morfizmebze . ganvixiloT  
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 𝑅-homomorfizmi  𝜑: 𝐺 → 𝐻 , sadac 𝐺, 𝐻 ∈  𝔐𝑅 . vTqvaT 𝜆𝐺 : 𝐺 → 𝐺𝑆 da  

𝜆𝐻: 𝐻 → 𝐻𝑆 kanonikuri asaxvebia . radgan  𝜑 ∘ 𝜆𝐻 kompozicia 𝜇-Tan 

SeTanxmebuli 𝑅-homomorfizmia 𝐺-dan 𝐻𝑆-Si , arseboben 𝑆-

homomorfizmebi 𝜓 da 𝜑𝑆 , romlebic komutaciurs xdis  

                              𝐺        𝜑         𝐻 

                         𝜆𝐺                     𝜓               𝜆𝐻 

 

             𝐺𝑆          𝜑𝑆             𝐻𝑆 

diagramas . vTqvaT Θ𝑆 𝜑 = 𝜑𝑆 .  

winadadeba 3.4. vTqvaT  𝜇: 𝑅 → 𝑆 rgolTa homomorfizmia . maSin  Θ𝑆 

kovariantuli funqtoria 𝔐𝑅 kategoriidan 𝔐𝑆 kategoriaSi . 

damtkiceba . magaliTisaTvis davamtkicoT funqtoris gansazRvris erT-

erTi aqsioma . vTqvaT  𝐻 = 𝐺 da 𝜑=1𝐺 . vaCvenoT , rom am SemTxvevaSi 

(1𝐺)𝑠 = 1𝐺𝑆 .  

marTlac , vTqvaT 𝜆: 𝐺 → 𝐺𝑆 kanonikuri homomorfizmia . maSin (1𝐺)𝑆-is 

SezRudva 𝜆(𝐺)-ze igivuria . radgan 𝐺𝑆 =  𝜆(𝐺) 𝑆 , amitom (1𝐺)𝑆 iqneba 

igivuri asaxva mTel 𝐺𝑆 jgufze . 

analogiurad mowmdeba funqtoris ganmsazRvreli danarCeni aqsiomebi . 

∎ 

 vTqvaT  𝑅 , 𝑆 , 𝑇  rgolTa homomorfizmebis mimdevrobaa 𝑅
𝜇1
→  𝑆

𝜇2
→  𝑇 . 

aRvniSnoT 𝜇 = 𝜇1   𝜇2:𝑅 → 𝑇 . es sami homomorfizmi gansazRvravs 

funqtorTa sameuls 

Φ𝑆,𝜇1 : 𝔐𝑅 → 𝔐𝑆  , Φ
𝑇,𝜇2 : 𝔐𝑆 → 𝔐𝑇 ,    Φ

𝑇,𝜇 : 𝔐𝑅 → 𝔐𝑇 

bunebrivi gziT ganisazRvreba funqtorTa Φ𝑆,𝜇1 ∘ Φ𝑇,𝜇2 kompozicia .  

mowmdeba , rom samarTliania  

winadadeba 3.5. zemoT Semotanil aRniSvnebSi  
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                            Φ𝑆,𝜇1 ∘ Φ𝑇,𝜇2 = Φ𝑇,𝜇 . 

vTqvaT , axla 𝜇: 𝑅 → 𝑆 rgolTa nebismieri homomorfizmia da 𝐼𝑚𝜇 = 𝑆0  . 

maSin  𝜇  homomorfizmi kanonikurad iSleba 𝜇1: 𝑅 → 𝑆0 epimorfizmisa da 

𝜇2: 𝑆0 → 𝑆 monomorfizmis namravlad . winadadeba 3.5-is ZaliT gvaqvs 

Φ𝑠,𝜇 ∘ Φ𝑆0 ,𝜇1 = Φ𝑆,𝜇2  . 

 

Aam SemTxvevaSi vgulisxmobT tenzoruli gasrulebis funqtoris 

kanonikur daSlas . amis gamo tenzoruli gasrulebis 

konstruqciasTan dakavSirebuli Teoremis damtkicebebi bunebrivad 

daiyvaneba ori SemTxvevis garCevaze : 

𝑎) roca  𝜇 rgolTa epimorfizmia ; 

𝑏) roca  𝜇 rgolTa Cadgmaa . 

 

 

$ 4.tenzoruli gasrulebis konstruqcia 

A  am paragrafSi mocemulia tenzoruli gasrulebis konstruqciis 

konkretuli xerxi , romelic iyenebs kombinatorul jgufTa Teoriis 

teqnikas . 

  am konstruqciis yvelaze ufro gamoyenebadi kerZo  SemTxvevebi 

moyvanilia [13]-Si . 

𝑎)  𝜇: 𝑅 → 𝑆epimorfizmia . am SemTxvevaSi 𝑆 = 𝑅/𝑀sadac 𝑀 = 𝑘𝑒𝑟𝜇 . vTqvaT 

G𝐺 nebismieri 𝑅-jgufia ,  

𝐺0 =  𝑔 ∈ 𝐺 ∃𝑓 ∈ 𝐺 , 𝛼 ∈ 𝑀, 𝑔 = 𝑓𝛼  . 

aRvniSnoT 𝐺𝜇 = 𝑖𝑑(𝐺0)-iT 𝐺0-is mier warmoqmnili 𝔐𝑅-ideali 𝐺-Si .        

maSin 𝐺 = 𝐺/𝐺𝜇 faqtor-jgufi 𝑆-jgufia 
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𝑆-is 𝐺 -ze inducirebuli moqmedebis Sedegad : (𝑔𝐺𝜇 )𝛽 = 𝑔𝛼𝐺𝜇 , sadac 𝛼 

iseTi elementia , rom 𝜇 𝛼 = 𝛽 . aRvniSnoT  𝜆-Ti  𝐺-s mis 𝐺 = 𝐺/𝐺𝜇  

faqtor-jgufze kanonikuri homomorfizmi  𝜆: 𝐺 →  𝐺/𝐺𝜇 . 

winadadeba 4.1. vTqvaT  𝜇: 𝑅 → 𝑆 rgolTa epimorfizmia . maSin  

𝐺𝑆,𝜇 =  𝐺/𝐺𝜇 , sadac  𝑆-jgufi 𝐺/𝐺𝜇 zemoTaa gansazRvruli . 

damtkiceba . vTqvaT  𝜑: 𝐺 → 𝐻 nebismieri 𝜇-Tan SeTanxmebuli 𝑅-

homomorfizmia 𝐺-dan 𝑆- jgufSi 𝐻 . maSin cxadia , rom 𝑘𝑒𝑟𝜑 ≥ 𝐺𝜇 da 

amitom arsebobs 𝑆-homomorfizmi 𝜓: 𝐺𝑆 → 𝐻 , romelic komutaciurs xdis  

                                𝐺           𝜆        𝐺 𝐺𝜇
 
 

             ∀𝜑                           ∃𝜓 

 

               𝐻 

 

diagramas . ∎ 

magaliTi . vTqvaT 𝑅 = ℤ mTel ricxvTa rgolia ,  𝑆 = ℤ𝑛 mTel ricxvTa 

rgolia moduliT 𝑛, 𝜇: ℤ → ℤ𝑛 bunebrivi homomorfizmi . maSin  𝐺𝜇 = 𝐺𝑛 

qvejgufia 𝐺-Si , romelic warmoqmnilia 𝐺-s elementebis 𝑛-uri 

xarisxebiT . maSin 𝐺𝑆 ≅  𝐺/𝐺𝑛 maqsimaluri faqtor-jgufia periodiT 𝑛 . 

𝑏) vTqvaT  𝐺 nawilobrivi  𝑅-jgufia ,𝜇: 𝑅 → 𝑆 rgolTa Cadgma . aRvweroT 

konstruqciulad  𝐺 jgufis  tenzoruli  𝑆  gasruleba . amisaTvis 

winaswar CamovayaliboT zogierTi cnobili faqti gamaerTianebeli 

qvejgufiT Tavisufali namravlebis Sesaxeb (ix. , magaliTad , wigni 

[14]) . 

vTqvaT  𝐻𝑖 ≤ 𝐺𝑖  jgufebia ,  𝑖 = 1,2. vTqvaT , amis garda , dafiqsirebulia 

𝜑: 𝐻1 → 𝐻2 epimorfizmi . 𝐺 jgufs vuwodoT 𝐺1 da 𝐺2 jgufebis 

Tavisufali namravli 𝐻1 da 𝐻2 gamaerTianebeli qvejgufebiT  da 

aRvniSnoT 
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𝐺 =∗ (𝐺1, 𝐺2,𝐻1, 𝐻2, 𝜑) , Tu  𝐺-Tvis Sesrulebulia Semdegi universaluri 

Tviseba : 

1) arseboben iseTi 𝜆1: 𝐺1 → 𝐺, 𝜆2: 𝐺2 → 𝐺 homomorfizmebi , rom 𝐺 

warmoiqmneba 𝜆1(𝐺1) da 𝜆2(𝐺2)-iT ; 

2) nebismieri 𝐻 jgufisaTvis  da 𝜓1: 𝐺1 → 𝐻, 𝜓2: 𝐺2 → 𝐻 

homomorfizmebisaTvis  , romlebic SeTanxmebulia 𝜑-Tan , 

arsebobs iseTi Θ: 𝐺 → 𝐻 homomorfizmi , rom komutaciuria 

diagrama 

 

 

                                      ∃𝜆1          𝐺          ∃𝜆2 
 

                                𝐺1         ∃Θ                   𝐺2 
                                           (𝜆1 Θ = 𝜓1 , 𝜆2Θ = 𝜓2 ). 

               ∀𝜓1                                        ∀𝜓2 
 

                      𝐻          . 

 

 

Tu 𝐺1 =  𝑋1 𝑅1  , 𝐺2 =  𝑋2 𝑅2  am jgufTa mocemaa warmomqmneli 

elementebiT  da ganmsazRvreli TanafardobebiT , 

maSin advilidasamtkicebelia , rom 

𝐺 =  𝑋1 ∪ 𝑋2 𝑅1 ∪ 𝑅2 ∪ 𝑆  , 

𝑆 =  𝑕1𝜑 = 𝑕2 ∀ 𝑕1 ∈ 𝐻1 𝐺-s mocemaa warmomqmneli elementebiT da 

ganmsazRvreli TanafardobebiT .  

   SevudgeT 𝐺𝑆 tenzoruli gasrulebisagebas . gavakeToT es bijebiT .  

𝑎) elementaruli bijis aRwera . vTqvaT  𝑀 nawilobrivi 𝑅-jgufi 𝐺-s 

maqsimaluri abeluri qvejgufia . maSasadame ,  𝑀 nawilobriv 

 𝑅-modulia da amitom , nawilobrivi 𝑆- modulic .  

aRvniSnoT   𝑀𝑆 ≡ 𝑀⨂𝑆 
𝑆

. 
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     maSin  𝑀𝑆    𝑆-modulia da  𝑖𝑀: 𝑀 → 𝑀𝑆kanonikuri asaxva nawilobrivi 

 𝑅- homomorfizmia . aRvniSnoT  𝐺 ′ ≡∗  𝐺, 𝑀𝑆 , 𝑀, 𝑖𝑀 𝑀 , 𝑖𝑀  .  

 𝑔 ∈ 𝐺elementis 𝜆1(𝑔) anasaxisaTvis (𝜆1:𝐺 → 𝐺 ′ ) 𝛼 ∈ 𝑆 xarisxSi ayvana 

 𝐺 ′ jgufSi ganvsazRvroT formuliT 

𝜆1(𝑔)𝛼 = 𝜆1(𝑔𝛼) 

im  𝛼-bijisaTvis 𝑆-dan , romlisTvisac 𝑔𝛼gansazRvrulia 𝐺-jgufSi . 

analogiurad ganisazRvreba 𝑆-is nawilobrivi moqmedeba 𝑀𝑆 jgufis 

𝜆2(𝑀𝑆) anasaxze 𝐺 ′ jgufSi (𝜆2:𝑀
𝑆 → 𝐺 ′ ) . advili 

gasagebia , rom aseTnairad gansazRvruli moqmedeba koreqtulia da 𝐺 ′ 

nawilobrivi jgufia  𝒫𝒦𝑆klasidan (Sesrulebulia (1), (2) aqsiomebi ) .  

vTqvaT = 𝑖𝑑𝔐(1) , e.i. umciresi 𝔐-ideali 𝐺 ′ -Si , romelic 𝐺 ′/𝑁  

faqtor-jgufs gadaaqcevs nawilobriv   𝑆-jgufad . vTqvaT  

𝐺1 = 𝐺 ′/𝑁 , 𝜂: 𝐺 ′ → 𝐺 ′/𝑁 kanonikuri homomorfizmia da 𝑖1-iT aRvniSnoT  

Nawilobrivi 𝐺
𝑖1

→ 𝐺1   𝑅- homomorfizmi , romelic 𝜆1: 𝐺 → 𝐺 ′ , 𝜂: 𝐺 ′ →

𝐺 ′  𝑁 =𝐺1 

asaxvebiTaa inducirebuli . vambobT , rom 𝐺1jgufi miRebulia 𝐺-dan 𝑀 

qvejgufis saSualebiT 𝔐 elementaruli bijis Sedegad .  

analogiurad SeiZleba ganisazRvros elementaruli  𝔏-bijis cneba  

𝒫𝔏𝑆kategoriaSi . 

lema ( homomorfizmis gagrZelebis Sesaxeb ) . vTqvaT 𝜑   𝑅-jgufi 

𝐺-s nawilobrivi 𝑅-homomorfizmia 𝑆-jguf 𝐻-Si . maSin  

arsebobs nawilobrivi 𝑆-homomorfizmi 𝜓: 𝐺1 → 𝐻 iseTi ,rom  
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komutaciuria diagrama 

                                𝐺         𝑖1 = 𝜆1𝜂      𝐺1 

 

                          ∃𝜓    . 

                𝐻 

 

damtkiceba . agebis Tanaxmad 𝐺 ′ jgufi warmoqmnilia 𝜆1(𝐺) da 𝜂(𝑀𝑆) 

qvejgufebiT .vTqvaT 𝑖1(𝐺)-Tvis . 𝑔 ∈ 𝐺 , 𝜓 𝑖1 𝐺  =  𝜑(𝑔) . SezRudva 𝜑-is   

𝑀-ze inducirebs 𝑀 → 𝐻 homomorfizms da , maSasadame , 𝑆-homomorfizms  

𝜑𝑀: 𝑀𝑆 → 𝐻 , romelic SeTanxmebulia  

𝑖𝑀: 𝑀 → 𝑀𝑆homomorfizmTan . 

gaerTianebuli qvejgufiT Tavisufal namravlTa universaluri Tviseba  

iZleva  𝜓0: 𝐺 → 𝐻 homomorfizms , romelic 𝜑 da 𝜑𝑀 asaxvebis  

gagrZelebaa . radgan 𝐻    𝑆-jgufia , amitom 𝔐 ideali 𝑁 

moTavsebulia 𝜓0-is birTvSi . amis gamo 𝜓0inducirebs saZiebel  

𝜓: 𝐺1 → 𝐻 nawilobriv 𝑆-homomorfizms . 

    𝑮𝑺-is ageba transfinturi induqciiT . pirveli elementaruli bijis 

Sedegi mdgomareobs imaSi , rom Cven SegviZlia 𝑀 maqsimaluri abeluri 

qvejgufis elementebis anasaxebis xarisxSi ayvana 𝑆 rgolidan . 

arakomutaciur SemTxvevaSi bunebrivia es ageba gavagrZeloT da 

SevasruloT meore biji , mesame biji , ...…, 𝑘-uri biji , ... , 𝑘 ∈ ℕ , da 

miviRoT 𝐺𝑘 jgufi da nawilobrivi 𝑆-homomorfizmebi 𝑖𝑘 : 𝐺𝑘−1 → 𝐺𝑘 . 

ukanaskneli homomorfizmebi iZleva saSualebas indeqsTa nebismieri  

(𝓇, 𝓈), < 𝑠 , wyvilisaTvis ganisazRvros nawilobrivi 𝑆-homomorfizmi  
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𝜋𝓇
𝓈 :𝐺𝓇 → 𝐺𝓈 . sistema  𝔾 = {𝐺𝑘 , 𝑘 ∈ ℕ, 𝜋𝓇

𝓈  𝓇, 𝓈 } pirdapiri speqtria . 

konstruqciaSi  𝜔-bijs ganvsazRvravT Semdegnairad :  

 𝐺𝜔 pirdapiri 𝔾 speqtris  zRvruli jgufia , 𝜋𝑘
𝜔 aris 𝐺𝑘 jgufis 

gegmili 𝐺𝜔 -Si . homomorfizmis gagrZelebis Sesaxeb  lema bunebrivi 

saxiT mtkicdeba 𝐺𝜔 jgufisaTvisac ( amisaTvis sakmarisia ganvixiloT 

pirdapiri zRvris universaluri Tviseba ) . Tu 𝐺𝜔 ar aris 

𝑆-jgufi , maSin agebisaTvis vdgamT Semdeg nabijebs :𝐺𝜔+1=(𝐺𝜔 )1 , 

𝐺𝜔+2=(𝐺𝜔+1)1 , 𝐺𝜔+3=(𝐺𝜔+2)1 , ... . procedura yovelTvis SeiZleba ise 

warimarTos  , rom iarsebebs iseTi ordinali 𝑉 , romlisTvisac 𝐺𝑉 

ukve iqneba 𝑆-jgufi . radgan yovel nabijze sruldeba 𝐺𝑆,𝜇 jgufis 

ganmsazRvreli 1) da 2) Tvisebebi , amitom 𝐺𝑉 tenzoruli 𝑆-gasrulebaa 

𝐺-Tvis . 

 Tu §3-dan tenzoruli gasrulebis gansazRvrebaSi 𝜆: 𝐺 → 𝐺𝑆 da 

𝜑: 𝐺 → 𝐻 asaxvebSi 𝑅-homomorfizmis pirobas SevcvliT nawilobrivi 𝑅- 

homomorfizmis pirobiT , miviRebT nawilobrivi 𝑅-jgufis tenzoruli 

gasrulebis gansazRvrebas . zemoT moyvanili msjelobebi amtkiceben 

aseTi gasrulebis arsebobas da erTaderTobas . 

 

$ 5.tenzoruli gasrulebis funqtoris komutaciuroba 

ZiriTad  operaciebTan jgufebSi 

  am paragrafSi Seiswavleba tenzoruli gasrulebis funqtoris 

komutaciurobis sakiTxebi jgufTa pirdapir da dekartul 

namravlebTan , jgufTa pirdapir da Sebrunebul zRvrebTan . 

saxeldobr Cven gvainteresebs Semdegi oTxi sakiTxi . vTqvaT 

mocemulia 𝑅-jgufTa ojaxi {𝐺𝑖/𝑖 ∈ 𝐼} .  

(1) vTqvaT 𝐺𝑖 jgufTa pirdapiri namravlia 𝐺 =  𝐺𝑖𝑖  . sworia Tu ara 

, rom  𝐺𝑆 =  𝐺𝑖
𝑆

𝑖  ?  
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sxva sityvebiT komutaciuria Tu ara tenzoruli gasrulebis 

funqtori pirdapir namravlebTan ? 

(2) vTqvaT 𝐺𝑖 jgufTa dekartuli namravlia 𝐺 = Π𝑖𝐺𝑖 . sworia Tu 

ara , rom  𝐺𝑆 = Π𝑖𝐺𝑖
𝑠 ? 

(3) vTqvaT 𝐺𝑖 jgufTa pirdapiri zRvaria 𝐺∗ = lim→ 𝐺𝑖 . sworia Tu 

ara , rom  𝐺∗
𝑆 = lim→ 𝐺𝑖

𝑆 ?  

(4) vTqvaT𝐺𝑖 jgufTa Sebrunebuli zRvaria 𝐺∗ = lim← 𝐺𝑖 . sworia Tu 

ara , rom (𝐺∗)𝑆 = lim← 𝐺𝑖
𝑆 ?  

Cven davamtkicebT , rom (1) da (3) sakiTxze pasuxi dadebiTia , xolo (2) 

da (4)-ze uaryofiTi . 

  ZiriTadi Sedegebi da cnebebi , romlebsac qvemoT gamoviyenebT , 

SeiZleba moiZebnos wignebSi [11] , [15] . 

(1) sakiTxis gadawyveta . 

Teorema 5.1. tenzoruli gasrulebis operacia gadanacvlebadia 

pirdapir namravlTan . sxva sityvebiT , Tu 𝐺 =  𝐺𝑖𝑖  , maSin  

                       𝐺𝑆 =  𝐺𝑖
𝑆

𝑖  .         (5.1) 

damtkiceba .  Teoremis damtkicebamde CamovayaliboT da davamtkicoT  

 lema . vTqvaT yoveli 𝑖-Tvis arsebobs 𝑅-homomorfizmi 𝜑𝑖 : 𝐺𝑖 → 𝐻 , 

sadac 𝐻 − 𝑅-jgufia da agreTve  

                         [𝜑𝑖 𝐺𝑖 , 𝜑𝑗  𝐺𝑗  ] = 1             (5.2) 

yvela   𝑖 , 𝑗 wyvilisaTvis , 𝑖 ≠ 𝑗 . maSin arsebobs 𝑅-homomorfizmi  

𝜓:  𝐺𝑖𝑖 → 𝐻 , romelic 𝜑𝑖-s gagrZelebaa yvela 𝑖-Tvis . 

lemis damtkiceba . ganvixiloT  𝐻0= 𝜑𝑖 𝐺𝑖  , 𝑖 ∈ 𝐼  𝑅 ≤ 𝐻 . raime xerxiT 

wrfivad davalagoT indeqsTa 𝐼 simravle da davamtkicoT , rom 

nebismieri 𝑕 ∈ 𝐻0 elementi warmoidgineba  
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𝑕 = 𝑔𝑖1
𝑔𝑖2

… 𝑔𝑖𝑠 , sadac 𝑔𝑖𝑘 ∈ 𝜑𝑖𝑘 𝐺𝑖𝑘 , ≤ 𝑘 ≤ 𝑠 , (5.3) saxiT , amasTan 

𝑖1 < 𝑖2 < ⋯ < 𝑖𝑠 . 

advili dasanaxia , rom (5.3)  saxis elementebi (5.2) pirobis gamo 

qmnian qvejgufs 𝐻-Si . radgan nebismieri 𝛼-Tvis 𝑅-dan (4) aqsiomis 

ZaliT 

(𝑔𝑖1
𝑔𝑖2

… 𝑔𝑖𝑠)𝛼 = 𝑔𝑖1
𝛼𝑔𝑖2

𝛼 ... 𝑔𝑖𝑠
𝛼 , 

amitom (5.3) saxis elementebi qmnian 𝑅-qvejgufs 𝐻-Si . axla saWiro 

𝑅-homomorfizmi 𝜓 Semdegnairad aigeba . 

vTqvaT  𝑔 ∈  𝐺𝑖𝑖  Caiwereba  

𝑔 = (… , 𝑔𝑖1
, … , 𝑔𝑖𝑠 , … ) 

saxiT , sadac wertilebis nacvlad 𝐺𝑖 jgufebis erTeulebia . maSin 

aviRoT 𝜓  𝑔 = 𝑔𝑖1
𝑔𝑖2

… 𝑔𝑖𝑠 . 

uSualod mowmdeba , rom 𝜓 aris 𝑅-hommorfizmi . ∎ 

davubrundeT Teoremis damtkicebas . amisTvis  𝐺𝑆 da  𝐺𝑖
𝑆

𝑖  jgufebs 

Soris avagoT Semxvedri 𝑅-homomorfizmis wyvili . vTqvaT 

𝜆𝑖 : 𝐺𝑖 → 𝐺𝑖
𝑆 

kanonikuri 𝑅-homomorfizmia , romelic tenzoruli gasrulebis 

gansazRvrebiT moicema , da gavagrZeoT es asaxva  𝐺𝑖
𝑆

𝑖  jgufSi . maSin 

gasagebia , rom [𝜆𝑖 𝐺𝑖 , 𝜆𝑗  𝐺𝑗  ] = 1 roca 𝑖 ≠ 𝑗 . 

winadadeba 2.3-is Tanaxmad (ix. diagrama (2.1) ) arsebobs 𝑅-

homomorfizmi  

𝜑: 𝐺 →  𝐺𝑖
𝑆

𝑖

 . 
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kvlav  tenzoruli gasrulebis gansazRvrebiT arsebobs 𝑅-

homomorfizmi  

𝜓1 , romelic xdis komutaciurs 

                                         𝐺 =  𝐺𝑖                 𝑖 𝜆             𝐺𝑆 

 

                𝜑                             ∃𝜓
1
 

 

                           𝐺𝑖
𝑆

𝑖  

diagramas . 

SevamowmoT , rom [𝜆𝑖 𝐺𝑖 , 𝜆𝑗  𝐺𝑗  ] = 1 . 

es asea imitom , rom pirveli jgufis warmomqmnelebi komutirebs 

meore jgufis warmomqmnelebTan . tenzoruli gasrulebis ZaliT 

arsebobs 𝑆-homomorfizmi 𝛽𝑖 , romelic xdis komutaciurs  

 

                              𝐺𝑖             𝜆                𝜆(𝐺𝑖) 𝑆 

                                           (𝑖 ∈ 𝐼) 

                        𝜆𝑖                                       𝛽𝑖 

 

                                 𝐺𝑖
𝑆 

 

Ddiagramas . 

damtkicebuli lemis Tanaxmad , arsebobs 𝑆-homomorfizmi 𝜓2 :  𝐺𝑖
𝑆

𝑖 →

𝐺𝑆 . uSualod mowmdeba , rom es Semxvedri homomorfizmebia .  ∎ 

(2) sakiTxis gadawyveta . moviyvanoT magaliTi , romelic 

gviCvenebs , rom dekartuli namravlis operacia ar aris 

gadanacvlebadi tenzoruli gasrulebis operaciasTan  
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aRvniSnoT  𝜆-Ti 𝜆: Π𝑖𝐺𝑖 → Π𝑖𝐺𝑖
𝑆 . 

maSin tenzoruli gasrulebis universaluri Tvisebis ZaliT gvaqvs  

𝑆-homomorfizmi 𝜆𝑆: (Π𝑖𝐺𝑖)
𝑆 → Π𝑖𝐺𝑖

𝑆 ,       (5.4) 

romelic zogad SemTxvevaSi ar aris izomorfizmi . aseTi magaliTi 

arsebobs ukve abelur jgufebSi . 

   aviRoT racionalur ricxvTa 𝑅 = ℚ rgoli , xolo 𝐺𝑛 , 𝑛 ∈ ℕ , 

iyos 𝑛-uri rigis cikluri jgufi . vTqvaT 𝐺𝑛 =  𝑎𝑛  , 𝑛 ∈ ℕ . maSin 

𝐺𝑛
ℚ = 𝐺𝑛⨂ ℚ = 0 .  

meore mxriv Π𝑛𝐺𝑛 jgufSi arian usasrulo rigis elementebi da 

amitom jgufi   Π𝑛𝐺𝑛 
ℚ

= Π𝐺𝑛⨂ ℚ  aranulovania . 

(3) sakiTxis gadawyveta .  

Teorema 5.2. tenzoruli gasrulebis operacia gadanacvlebadia 

pirdapir zRvrebTan , e. i. Tu 𝐺∗ = lim→ 𝐺𝑖 , maSin 𝐺∗
𝑆 = lim→ 𝐺𝑖

𝑆 . 

damtkiceba . aqac avagoT 𝐺∗
𝑆 da 𝐻 = lim→ 𝐺𝑖

𝑆 jgufebs Soris Semxvedri 

asaxvebi . aRvniSnoT 𝜑𝑖-iT 𝜑𝑖 : 𝐺𝑖
𝑆 → 𝐻 . 

maSin winadadeba 2.4-is ZaliT ( ix. diagramebi (2.2)_(2.4) ) arsebobs  

𝑅-homomorfizmi 𝜓1: 𝐻 → 𝐺∗
𝑆 , romelic  xdis komutaciurs  

 

                         𝐺𝑖
𝑆          𝜋𝑖

𝑆                  𝐺∗
𝑆
 

                   𝜑𝑖 

                    ∃𝜓1 

            𝐻 

diagramas . aq 𝜋𝑖 : 𝐺𝑖 → 𝐺∗ gegmilia , xolo 𝜋𝑖
𝑆 : 𝐺𝑖

𝑆 → 𝐺∗
𝑆 

tenzoruli gasrulebis Sesabamisi homomorfizmi . 
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tenzoruli gasrulebis universaluri Tvisebis Tanaxmad yoveli 𝑖 

indeqsisTvis vagebT (𝜓2)𝑖 asaxvas , romelic komutaciurs xdis  

 

 

                           𝐺𝑖               
𝑆 𝜋𝑖

𝑆                    𝐺∗
𝑆 

 

                   𝜓𝑖                                     (𝜓2
)
𝑖
 

             𝐻 

diagramas . 

radgan winadadeba 2.4-is ZaliT 𝜋𝑖 𝐺𝑖  qvejgufebi faraven 𝐺∗ jgufs da 

radgan (𝜓2)𝑖 da (𝜓2)𝑗 homomorfizmebi SeTanxmebulia  saerTo 

elementebze , amitom gansazRvrulia 𝑅-homomorfizmi 𝜓2: 𝐺∗ → 𝐻 . 

saZiebeli Semxvedri homomorfizmi 𝜓1-Tvis iqneba 𝑆-homomorfizmi 

𝜓2
𝑆 :𝐺∗

𝑆 → 𝐻 . ∎ 

(4) sakiTxis gadawyveta . vTqvaT 𝐺∗ Sebrunebuli  

𝔾 = {𝐺𝑖  ,  𝑖 ∈ 𝐼 , 𝜋𝑖
𝑗  } speqtris zRvruli jgufia . winadadeba 2.5-is 

saSualebiT avagoT 𝑆-homomorfizmi  𝜍: (𝐺∗)𝑆 → lim← 𝐺𝑖
𝑆  . 

amisaTvis zRvruli jgufis 𝑖-ur komponentze gegmili 𝜋𝑖 -iT aRvniSnoT : 

𝜋𝑖 : 𝐺
∗ → 𝐺𝑖 . maSin tenzoruli gasrulebis Sesabamisi homomorfizmia  

𝜋𝑖
𝑆 : (𝐺∗)𝑆 → 𝐺𝑖

𝑆 . 

B vTqvaT 𝜇𝑖 : lim← 𝐺𝑖
𝑆 → 𝐺𝑖

𝑆 bunebrivi gegmilia . maSin winadadeba 2.5-is 

ZaliT arsebobs 𝑆-homomorfizmi 𝜍: (𝐺∗)𝑆 → lim← 𝐺𝑖
𝑆  , romelic 

komutaciurs xdis 
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                                 (𝐺∗)𝑆            ∃𝜍             lim 𝐺𝑖
𝑆 

 

                                𝜋𝑖                                         
𝑆 𝜇𝑖 

 

                                         𝐺𝑖
𝑆
  

diagramas . 

vaCvenoT magaliTze , rom es 𝜍 homomorfizmi zogad SemTxvevaSi ar 

aris izomorfizmi . 

magaliTi : ganvixiloT 𝐺𝑘 , 𝑘 ∈ ℕ , 𝐺𝑘 =  𝑎𝑘  , sadac 𝑎𝑘 aris 𝑝
𝑘 rigis 

elementi , 𝑝 martivi ricxvia . maSin cnobilia , rom lim← 𝐺𝑘 ≅ ℤ𝑝∞  , 

sadac ℤ𝑝∞  mTel 𝑝-adiciur ricxvTa jgufia da ℤ𝑝∞
ℚ =ℤ𝑝∞ ⨂

ℚ
 ℚ 

kontiniumis simZlavris veqtoruli sivrcea ℚ-ze . amave dros  

lim← 𝐺𝑘
ℚ = lim

←
 𝐺𝑘⨂ℚ = lim

←
0 = 0 . 
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