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Sesavali 

 

     naSromi eZRvneba, mokveTili eqsponencialuri kanoniT 

ganawilebuli SemTxveviTi sididis simkvrivisTvis  
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θ , ,α β parametrebis Sefasebas, sadac α β< .naSromi dayofili  oTx 

nawilad.  pirvel TavSi warmodgenilia rao krameris utloba. meore 

TavSi ganxilulia maqsimaluri dasajerobis meTodi, romelic ucnobi 

parametris  Sefasebis erT-erT yvelaze mZlavr meTods warmoadgens. 

meTods mesame TavSi ganxilulia maqsimaluri dasajerobis Sefasebis 

zogierTi Tvisebas. rac Seexeba bolo Tavs, aq maqsimaluri 

dasajerobis meTodiT xdeba dasmuli amocanis gadaWra θ  
parametrisTvis, xolo  intervalis boloebis Sefaseba dakvirvebuli 

sidideebis saSualebiT. 
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• rao-krameris utoloba 

• maqsimaluri dasajerobis meTodis 

aRwera 

• maqsimaluri dasajerobis meTodis 

Tvisebebi 

• eqsponencialuri ganawilebis 

parametrebis Sefaseba  
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1. rao-krameris utoloba 

vTqvaT ( )nXXXX ,...,, 21=  SerCevis wevrebisagan Sedgenili veqtoria, 

romlisaTvisac arsebobs ganawilebis simkvrive ),( θxf . 

cxadia X veqtoris ganawilebasac gaaCnia ganawilebis simkvrive da is 

ase gamoiTvleba: 

),()...,(),(),( 21 θθθθ nxfxfxfxL = , sadac ( )nxxxx ,...,, 21= . 

gansazRvra 1. ),( θxL -s ganxiluls, rogorc θ parametris funqcias, 

fiqsirebuli x -saTvis, dasajerobis funqcia ewodeba. 

vTqvaT  ),...,,(ˆ
21 nn XXXψθ = raime Sefasebaa θ  ucnobi 

parametrisaTvis. aRvniSnoT ∫==
nR

n dxxLxEg ),()(ˆ)( θψθθ , sadac 

ndxdxdxdx ...21= . θ  WeSmariti parametridan misi Sefasebis nθ̂ -s gadaxris 

zomad aviRoT misi dispersia nDθ̂ . 

gamosaxulebas ∫ 







∂
∂

=
R

dxxfxfI ),(),()(
2

θ
θ
θθ  ewodeba fiSeris 

informacia, romelsac gvaZlevs erTi SerCeva, θ parametrisSesaxeb. 

 

Teorema (rao-krameris utoloba). vTqvaT Sesrulebulia Semdegi 

pirobebi: 

1) simravle { }0),(: >θxfx  ar aris damokidebuli θ -sagan, xolo 

funqcia ),( θxL  warmoebadia θ argumentiT; 

2) ∫∫ ∂
∂

=
∂
∂

nn RR

dxxLdxxL
θ
θθ

θ
),(),( ; 

3) ∫∫ ∂
∂

=
∂
∂

nn RR

dxxLxdxxLx
θ
θψθψ

θ
),()(),()( ; 

4) 0),(),(ln)(
2

>







∂
∂

= ∫
R

dxxfxfI θ
θ

θθ  

maSin adgili aqvs utolobas 

( ) ( )
)(
)()(ˆˆ

2
2

θ
θ

θθθ
nI

ggED n
nnn

′
≥−= ,                      (1) 
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damtkiceba.samarTliania tolobebi 

1),( =∫
nR

dxxL θ
 

da ∫==
nR

nn dxxLxgE ),()()(ˆ θψθθ                (2) 

2) da 3) pirobebis gamo (2) tolobebidan miviRebT 

0),(
=

∂
∂
∫

nR

dxxL
θ
θ

,  ∫ ∂
∂

=′
nR

n dxxLxg
θ
θψθ ),()()(  

es tolobebi ase gadavweroT 

0),(),(ln
=

∂
∂
∫

nR

dxxLxL θ
θ

θ
,  )(),(),(ln)( θθ

θ
θψ n

R

gdxxLxLx
n

′=
∂

∂
∫           (3) 

(3)-s pirveli toloba gavamravloT )(θng -ze da meores gamovakloT. 

miviRebT 

( ) )(),(),(ln)()( θθ
θ

θθψ n
R

n gdxxLxLgx ′=
∂

∂
−∫                  (4) 

aviyvanoT (4) tolobis orive mxare kvadratSi da gamoviyenoT e.w.1 

koSi-Svarcis utoloba. miviRebT: 

( ) ( ) ≤










∂
∂

−=′ ∫
2

2 ),(),(ln)()()(
nR

nn dxxLxLgxg θ
θ

θθψθ  

( ) ∫∫ 







∂
∂

⋅−≤
nn RR

n dxxLxLdxxLgx ),(),(ln),()()(
2

2 θ
θ

θθθψ . 

magram 

( ) ( ) ( ) nnnnn
R

n DEEgXXXEdxxLgx
n

θθθθψθθψ ˆˆˆ)(),...,,(),()()(
22

21
2 =−=−=−∫ . 

SemoviRoT aRniSvna 

                                                           
1koSi-Svarcis utoloba ewodeba Semdegs: vTqvaT )()( 21 µϕ Lx ∈ , )()( 22 µϕ Lx ∈ , 

anu ∞<∫
nR

dxx )()(2
1 µϕ  da, ∞<∫

nR

dxx )()(2
2 µϕ  maSin adgili aqvs 

utolobas ∫∫∫ ⋅≤










nnn RRR

dxxdxxdxxx )()()()()()()( 2
2

2
1

2

21 µϕµϕµϕϕ . Cvens SemTxvevaSi 

dxxLdx ),()( θµ =  
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)(),(),(ln θθ
θ

θ
n

R

IdxxLxL
n

=
∂

∂
∫ . 

maSin SegviZlia CavweroT 

( ) )()ˆ()( 2 θθθ nnn IDg ⋅≤′  

saidanac miviRebT 

( )
)(
)(ˆ

2

θ
θ

θ
n

n
n I

gD
′

≥ . 

Teoremis dasamtkiceblad dagvrCenia vaCvenoT, rom )()( θθ nII n = . 

marTlac, pirobis Tanaxmad, 

0),(),(ln
=

∂
∂
∫

nR

dxxLxL θ
θ

θ
, 

amitom 

θθ
θ

∂
∂

=







∂
∂

=
),...,,(ln),...,,(ln)( 21

2
21 nn

n
XXXLDXXXLEI . 

dasajerobis funqciis gansazRvris Tanaxmad 

∑
=

=
n

j
jn XfXXXL

1
21 ),(ln),...,,(ln θ ,  ∑

= ∂

∂
=

∂
∂ n

j

jXfL
1

),(lnln
θ

θ
θ

. 

aqedan dispersiis Tvisebis gamoyenebiT miviRebT 

=







∂
∂

=



















∂
∂

−







∂
∂

=
∂

∂
=

∂
∂ 222

1 lnlnln),(lnln
θθθθ

θ
θ

fnEfEfEnXfnDLD  

)(),(),(ln 2

θθ
θ

θ nIdxxfxfn
R

=







∂
∂

= ∫ . 

Teorema damtkicebulia.# 

 

Sedegi.  vTqvaT nθ̂ iseTi Sefasebaa, rom θθ =nE ˆ . maSin 

cxadia 0)( =θng  da rao-krameris utoloba aseT saxes miiRebs 
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)(
1ˆ
θ

θ
nI

D n ≥ . 

 

rao-krameris utoloba Cven davamtkiceT im SemTxvevisaTvis, roca 

ganawilebis funqcia absoluturad uwyvetia. Aanalogiuri Teorema 

samarTliania im SemTxvevaSic, rocaSemTxveviTi sidide diskretulia. 

vTqvaT mocemulia ( )nXXXX ,...,, 21= SerCeva diskretuli SemTxveviTi 

sididisagan da )(}{ θmmj PyXP == , sm ,...,2,1=  yoveli j -saTvis. rao-
krameris utoloba am SemTxvevisaTvis aseT saxes miiRebs: 

( )
)(
)(ˆ

2

θ
θ

θ
nI

gD n
n

′
≥ , sadac ∑

=








∂

∂
=

s

j
j

j P
P

I
1

2

)(
)(ln

)( θ
θ
θ

θ . 

 

 

2. ganawilebis ucnobi parametris Sefasebis 

moZebnis maqsimaluri dasajerobis meTodi 

 

 

“kargi” Sefasebis agebis erT-erTi yvelaze mZlavri meTodia 

dasajerobis maqsimumis meTodi.  

vTqvaT, mocemulia n  moculobis SerCeva nXXX ,...,, 21 , romelTa 

ganawilebis funqciaa ),( θxF , Θ∈θ  - ucnobi parametria. 

davuSvaT ),( θxF  ekuTvnis absoluturad uwyvet funqciaTa klass. 

e.i. mas gaaCnia simkvrive ),( θxf . 

 

gansazRvra.  funqcias ),()...,(),(),( 21 θθθθ nxfxfxfxL = θ -s mimarT, 

yoveli fiqsirebuli ),...,,( 21 nxxxx = -Tvis, ewodeba dasajerobis funqcia. 
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roca ),( θxF diskretuli tipisaa, maSin  )()...()(),( 21
21 θθθθ sm

s
mm pppxL = , 

rogorc θ -s funqcias ewodeba dasajerobis funqcia. aq 

{ }kk xXPp ==)(θ , sk ,...,2,1= , xolo km  aris kx -ebis raodenoba SerCevaSi. 

 

Ddaumtkiceblad moviyvanoT mniSvnelovani Teorema (damtkiceba 

mocemulia wignSi Э. Лемман. Теория точечного оценивания. М. 1991. gv. 363). 

 

Teorema.  roca ∞→n , yoveli 0θθ ≠ -saTvis, 

{ } { }0 1 0 0 1( , ) ( , ) ( , )... ( , ) ( , )... ( , ) 1n nP L X L X P f X f X f X f Xθ θ θ θ θ θ≥ = ≥ → ,     (1) 

sadac 0θ  aris θ  ucnobi parametris WeSmariti mniSvneloba. 

 

(1)  niSnavs Semdegs: dasajerobis funqcia ),( θXL  θ  parametris 
WeSmarit mniSvnelobaze 0θθ = -ze didi albaTobiT aRemateba ),( θXL -s 

0θ -sagan gansxvavebul (igulisxmeba, rom 0θ , rogorc maqsimumis 

wertili – erTaderTia) θ -ebisaTvis. Ees Teorema migviTiTebs vipovoT 

θ -s iseTi nθ̂  mniSvneloba, romlisaTvisac ),( θXL aRwevs maqsimalur 

mniSvnelobas. e.i. ),(sup)ˆ,( θθ
θ

XLXL n
Θ∈

= .Tu aseTi θ  arsebobs, maSin mas 

uwodeben 0θ -s Sefasebas miRebuls dasajerobis funqciis maqsimumis 

meTodiT, an ufro martivad, mas uwodeben maqsimaluri dasajerobis 

Sefasebas. 

Tu ),( θXL funqcia θ -s mimarT warmoebadia, maSin maqsimaluri 

dasajerobis Sefaseba unda akmayofilebdes gantolebas: 

0),(
=

∂
∂

θ
θXL

.                                 (2) 

(2) eqvivalenturia Semdegi gantolebis: 

0),(ln
=

∂
∂

θ
θXL

.                                (2’) 

(2) an (2’) ewodeba maqsimaluri dasajerobis gantoleba. 
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vTqvaT, ( )sθθθ ,...,1= , 1≥s , maSin (2) an (2’) 

SeicvlebagantolebaTasistemiT: 















=
∂

∂

=
∂

∂

0),(ln
 . . . . .
 . . . . .

0),(ln

1

s

XL

XL

θ
θ

θ
θ

.                               (3) 

(3)-s ewodeba maqsimaluri dasajerobis gantolebaTa sistema. 

 

magaliTi 1.vTqvaT, mocemulia SerCeva binomuri ganawilebidan 

p warmatebis albaTobiT, romelic ucnobia, 10 << p . Aam SemTxvevaSi 

p=θ , xolo ]1,0[=Θ . Yyoveli konkretuli realizacia warmoadgens am 

SemTxvevaSi erTebisa da nulebis raime mimdevrobas. vTqvaT mocemulia 

SerCeva nXXX ,...,, 21 , maSin dasajerobis funqcia iqneba 

nn npppXL νν −−= )1(),( , nn XX ++= ...1ν . 

SevadginoT dasajerobis gantoleba: 

0),(
=

∂
∂

p
pXL

an 0),(ln
=

∂
∂

p
pXL

. 

gveqneba 

)1ln()(ln),(ln pnppXL nn −−+= νν , 

0
1

),(ln
=

−
−

−=
∂

∂
p

n
pp

pXL nn νν
, 

0)()1( =−−− nn npp νν , 

0=− npnν , 
n

p n
n

ν
=ˆ . # 

 

magaliTi 2.     vTqvaT mocemulia SerCeva nXXX ,...,, 21 normaluri 

ganawilebidan parametrebiT ( )21 ,θθ , a=1θ , 2
2 σθ = . Am SemTxvevaSi 

gveqneba gantolebaTa sistema: 
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=
∂

=
∂

∂

0),,(ln

0,,(ln

2

21

1

21

θ
θθ

θ
θθ

XL

XL

 

sadac 

( ) ( )

==
−

−
−

−
2

2
1

2

2
11

2

2

2

2
21 2

1...
2

1),,( θ
θ

θ
θ

θπθπ
θθ

nXX

eeXL  

( ) ( )
( )∑

= =

−
−

n

k

kX

nn e 1 2

2
1

2
1

22

1 θ
θ

θπ
. 

amitom 

( )∑
=

−
−−=

n

k

k
n

XnXL
1 2

2
1

2
2

21 2
1ln

2)2(

1ln),,(ln
θ
θ

θ
π

θθ . 

Sesabamisad miviRebT sistemas 

( )

( ) 0

2
1

2
),,(ln

0
2

),,(ln

1
2
2

2
1

22

21

1 2

2
1

1

21

=













−
+−=

∂
∂

=
−

−=
∂

∂

∑

∑

=

=

n

j

j

n

j

j

XnXL

XXL

θ
θ

θθ
θθ

θ
θ

θ
θθ

. 

am sistemis amonaxsns warmoadgens: 

XX
n

n

k
k == ∑

=1
1

1θ̂ , ( ) 2

1

2
2

1ˆ SXX
n

n

k
k =−= ∑

=

θ . 

uSualod SeiZleba Semowmdes, rom ( )2, SX  wyvili aniWebs maqsimums 

dasajerobis ),( θXL funqcias. amrigad, SerCeviTi saSualo da 

dispersia ( )2, SX  yofila normaluri ganawilebis 

organzomilebiani ( )21 ,θθθ = parametris dasajerobis maqsimums Sefaseba. 

# 

 

axla moviyvanoT magaliTi imisa, rom dasajerobis funqcias θ -s 
mimarT ar gaaCndes warmoebuli, magram maqsimaluri dasajerobis 

Sefaseba arsebobdes. 
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magaliTi 3.     vTqvaT, mocemulia SerCeva nXXX ,...,, 21  , romelTac 

aqvT Tanabari ganawileba ( )θ,0 intervalze. e.i. 







∈

∉
=

],0[    ,1
],0[     ,0

),(
θ

θ

θ
θ

x

x
xf . 

dasajerobis funqcia iqneba: 







∉

∈∀
=

],0[        ,0

],0[     ,1
),(

θ

θ
θθ

k

kn

X

X
XL . 

magram piroba imisa, rom ],0[ θ∈kX  yvela k -saTvis eqvivalenturia 

pirobisa θ≤
≤≤ knk

X
1
max . cxadia, rom 









>

≤
=

≤≤

≤≤

θ

θ
θθ

knk

knkn

X

X
XL

1

1

max        ,0

max      ,1
),( . 

cxadia, dasajerobis funqcia maqsimums aRwevs knk
X

≤≤
=

1
maxθ

 
wertilze, 

sadac am funqcias ar gaaCnia warmoebuli. 

amgvarad, ],0[ θ  intervalSi Tanabari ganawilebisaTvis maqsimaluri 

dasajerobis Sefaseba yofila maqsimaluri rigobrivi statistika: 

knkn XX
≤≤

=
1)( max . # 

Teorema. vTqvaT Sesrulebulia rao-krameris utolobis pirobebi: 

1)  ),( θXL  warmoebadia θ -s mimarT TiTqmis yvela x -isaTvis da 
simravle { }0),(: >= θθ xfxE  ar aris damokidebuli θ -sgan; 

2) ∫∫ ∂
∂

=
∂
∂

nn RR

dxxLdxxL
θ
θθ

θ
),(),( ; 

3) ∫∫ ∂
∂

=
∂
∂

nn RR

dxxLxdxxLx
θ
θψθψ

θ
0,()(),()( ; 

4) 0),(),(ln)(
2

>







∂
∂

= ∫
∞

∞−

dxxfxfI θ
θ

θθ . 



12 

 

Tu ),...,,( 21 nn XXXT=θ θ  parametris gadauadgilebadi da efeqturi 

Sefasebaa, maSin is warmoadgens maqsimaluri dasajerobis gantolebis 

amonaxsens. 

damtkiceba.  vinaidan ),...,,( 21 nn XXXT=θ aris gadauadgilebadi da 

efeqturi Sefaseba, amitom rao-krameris utolobaSi 

)(
1
θ

θ
nI

D n ≥                                  (4) 

miiRweva toloba, magram aq miiRweva toloba im SemTxvevaSi, roca (4) 

utolobis dadgenisas gamoyenebul koSi-Svarcis utolobaSi miiRweva 

toloba. e.i. 

( ) 1),(),(ln)( =
∂

∂
−∫

nR

dxxLxLxT θ
θ

θθ  

Tolobis marcxena mxareSi gamoyenebul koSi-Svarcis utolobaSi 

( ) ∫∫ 







∂
∂

−≤
nn RR

dxxLxLdxxLxT ),(),(ln),()(1
2

2 θ
θ

θθθ             (5) 

miiRweva toloba. (5)-Si tolobas eqneba adgili Tu arsebobs 1C  da 

2C mudmivebia, romelTagan erTi mainc gansxvavdeba nulisagan da 

adgili aqvs tolobas: 

( ) 0),(ln)( 21 =
∂

∂
+−

θ
θθ XLCXTC                     (6) 

TiTqmis aucileblad. 

vaCvenoT, rom 01 ≠C  da 02 ≠C . marTlac, vTqvaT 01 =C  da 02 ≠C , 

maSin (6)-dan miviRebT 0),(ln
=

∂
∂

θ
θXL

 TiTqmis aucileblad. es 

SeuZlebelia, vinaidan 

∫ 







∂
∂

=
nR

dxXLXLnI ),(),(ln)(
2

θ
θ

θθ  

da 0)( >θI  4) pirobis ZaliT. amitom 01 ≠C . vTqvaT 01 ≠C  da 02 =C , 

maSin (6)-dan miviRebT θ=)(XT . Eesec SeuZlebelia, vinaidan Sefaseba ar 

unda iyos mudmivi. amgvarad, 01 ≠C  da 02 ≠C . (6) gantolebaSi θ -s 
nacvlad CavsvaT ),...,( 1 nn XXT=θ , maSin miiReba, rom 
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0),(ln

),...,( 1

=
∂

∂

== nn XXT

XL
θθθ

θ
. 

e.i. ),...,( 1 nn XXT=θ yofila maqsimaluri dasajerobis gantolebis 

amonaxsni. # 

 

eqsponencialuri ganawilebebi. statistikaSi mniSvnelovan rols 

TamaSoben e.w. eqsponencialuri ganawilebebi. ),( θxF -s uwodeben 

eqsponencialuri ganawilebas Tu mas gaaCnia ganawilebis simkvrive: 

{ })()()()(exp),( xDCxBAxf ++= θθθ .                    (7) 

CvenTvis cnobili mravali ganawileba (7) tipisaa. magaliTad, 

normaluri ganawileba parametrebiT ( )2,σθ , ( )2,θa  da a.S. 

eqsponencialuri ganawilebisaTvis 









′
′

+′=′+′=
∂

∂ ∑∑
== )(

)()(1)()()()(),(ln
11 θ

θθθθ
θ

θ
A
CXB

n
AnCnXBAXL n

j
j

n

j
j . 

aRvniSnoT 

∑
=

=
n

j
jXB

n
XT

1
)(1)( , 

)(
)()(

θ
θθτ

A
C
′
′

−= , 
)(

1)(
θ

θ
An

a
′

= . 

maSin eqsponencialuri ganawilebisaTvis kmayofildeba (6) toloba: 

θ
θθθτ

∂
∂

=−
),(ln)(0()( XLaXT . 

amgvarad, )(θτ parametrisaTvis ∑
=

=
n

j
jXB

n
XT

1
)(1)(  aris efeqturi Sefaseba. 

Tu 
( )

2

2

2

2
1),( σ

θ

π
θ

−
−

=
x

exf , maSin 0)( =θτ  da xxB =)( , e.i. ∑
=

=
n

k
kX

n
X

1

1
 

aris θ -s efeqturi Sefaseba. 
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3. maqsimaluri dasajerobis meTodis 

Aasimptotiuri Tvisebebi 

 

vTqvaT, X  SemTxveviT sidides gaaCnia ganawilebis simkvrive 

),( θxf , sadac ba ≤≤θ . SemoviRoT regularobis Semdegi Tvisebebi: 

01 . arseboben Semdegi warmoebulebi 
θ∂
∂f

, 2

2

θ∂
∂ f

, 3

3

θ∂
∂ f

, 0θθ =  wertilze, 

sadac 0θ aris θ -s WeSmariti mniSvneloba; 

02 . ∫
∞

∞−

dxxf ),( θ orjer diferencirebadia integralis niSnis SigniT da 

Sesabamisad 

0=
∂
∂
∫
∞

∞−

dxf
θ

,  02

2

=
∂
∂
∫
∞

∞−

dxf
θ

; 

03 .                         )(ln
3

3

xHf
≤

∂
∂
θ

, ba ≤≤θ , 

sadac )(xH  iseTia, rom 

∞<= .≤),()(∫
∞

∞

constMdxxfxH θ ; 

04 . 0θθ =  WeSmariti mniSvnelobisaTvis 

0),(ln)( 0

2

0

>







∂
∂

= ∫
∞

∞− =

dxxffI θ
θ

θ
θθ

. 

samarTliania Semdegi 

 

Teorema.  vTqvaT, Sesrulebulia 00 41 −  regularobis pirobebi. 

maSin maqsimaluri dasajerobis gantolebas 0ln
=

∂
∂
θ

L
 
aqvs amonaxsni nθ̂ , 

romelic Zaldebuli Sefaseba parametris 0θ  WeSmarit im 

niSvnelobisaTvis. garda amisa, amonaxsni aris asimptotiurad 

normaluri da asimptotiurad efeqturi. 
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damtkiceba. cxadia 

∑
= ∂
∂

=
∂
∂ n

k

kXfL
1

),(lnln
θ

θ
θ

,                         (1) 

sadac ∏
=

=
n

k
kXfXL

1

),(),( θθ . gavSaloT
θ

θ
∂

∂ ),(ln kXf
0θθ =  wertilis 

midamoSi teiloris mwkrivad. miviRebT: 

)()(
2
1ln)(ln),(ln 2

02

2

0

00

k
k XHffXf

δθθ
θ

θθ
θθ

θ

θθθθ

−+
∂

∂
−+

∂
∂

=
∂

∂

==

,      (2) 

sadac 1≤δ . gavamravloT (1) 
n
1
-ze da gamoviyenoT (2). miviRebT 

nnn BBBL
n 2

2
0100 )(

2
1)(ln1 θθδθθ

θ
−+−+=

∂
∂

,               (3) 

sadac 
0

1
0

),(ln1

θθθ
θ

==
∑ ∂

∂
=

n

k

k
n

Xf
n

B , 
0

1
1

),(ln1

θθθ
θ

==
∑ ∂

∂
=

n

k

k
n

Xf
n

B , ∑
=

=
n

k
kn XH

n
B

1
2 )(1

. 

ganvixiloT calke nB0 .  cxadia nB0  warmoadgens damoukidebel da 

erTnairad ganawilebul  

0
0

),(ln

θθ
θ

θ

=
∂

∂ kXf
, nk ,...,2,1=  SemTxveviT 

sidideTa jams da 

0),(),(ln),(ln

000

0 =
∂
∂

=
∂

∂
=

∂
∂

∫∫
∞

∞− =

∞

∞− ==

dxfdxxfxfXf
E k

θθθθθθ θ
θ

θ
θ

θ
θ

. 

xinCinis Teoremis Tanaxmad 00

P

nB ∈ , roca ∞→n . 

Aaxla ganvixiloT nB1 . nB1 -ic warmoadgens 

0

2

2 ),(ln

θθ
θ

θ

=
∂

∂ kXf
, 

nk ,...,2,1= damoukidebel da erTnairad ganawilebul SemTxveviT 

sidideTa jams. amasTan 

=



























∂
∂

∂

∂
=

∂
∂

=
∂

∂
∫∫
∞

∞−

=

∞

∞− ==

dxxf
f

dxxfxfXf
E k ),(

ln
),(),(ln),(ln

002

2

2

2

0

00

θ

θ
θ

θ
θ

θ
θ

θ

θθ

θθθθ
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−
∂
∂

=















∂
∂

∂
∂

= ∫∫
∞

∞− =

∞

∞− =

dxxff
f

dxxff
f

),(1),(1
02

2

0

00

θ
θ

θ
θθ θθθθ

 

=







∂
∂

−
∂
∂

=






∂
∂

− ∫∫∫
∞

∞− =

∞

∞− =

∞

∞− =

dxxffdxfdxxff
f

),(ln),(1
0

2

2

2

0

2

2
020

θ
θθ

θ
θ θθθθθθ

 

)(),(ln
00

2

0

θθ
θ θθ

Idxxff
−=








∂
∂

−= ∫
∞

∞− =

. 

amgvarad, xinCinis Teoremis Tanaxmad )( 01 θIB
P

n ∈ , roca ∞→n . 

da bolos MdxxfxHXEHB
P

n ≤=→ ∫
∞

∞−

),()()( 02 θ . 

amgvarad, miviReT, rom 

00

P

nB → , )( 01 θIB
P

n −→ , MXEHB
P

n ≤→ )(2 .                  (4) 

vTqvaT, 0>h , 0>ε . (4)-s Tanaxmad arsebobs iseTi 0n , rom, roca 

0nn ≥ adgili aqvs Semdeg utolobebs: 

{ }
3

2
01

ε
≤≥ hBP , 

32
)( 0

1
εθ

≤






 −≥

I
BP n da { }

3
22

ε
≤≥ MBP n , constM = . 

nS -T aRvniSnoT xdomileba imisa, rom adgili aqvs erTdroulad 

Semdeg utolobebs: 2
0 hB n < , 

2
)( 0

1

θI
B n < , MB n 22 < . e.i. 

<<<= MB
I

BhBS nnnn 2,
2

)(
,: 2

0
1

2
0

θ
ω .               (5) 

cxadia, rom 

{ } { } { } { }( )MBPIBPhBPSP nnnn 2)(5,01 201
2

0 ≥+−≥+≥−≥ θ . 

(5)-s gamoyenebiT davwerT 

εεεε
−=






 ++−≥ 1

333
1)( nSP . 
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e.i. 

ε−≥1)( nSP , roca 0nn≥ .                        (6) 

vTqvaT, 
)1(2

)(
0 0

+
<<

M
I

h
θ

. ganvixiloT intervali ( )hh +− 00 ,θθ . (3) 

tolobaSi CavsvaT h±= 0θθ . miviRebT 

nnn BhhBBL
n 2

2
10 2

1ln1 δ
θ

+±=
∂
∂

, nS∈ω .                   (7) 

am (7) gamosaxulebis niSani damokidebulia meore wevrze. 

marTlac, vTqvaT nS∈ω , maSin 

)1(2
2
1

2
1 222

2
2

0 MhMhhBhB nn +=+≤+ δ .                    (8) 

vTqvaT h−= 0θθ , maSin 

h
I

hB n 2
)( 0

1

θ
>  

magram, vinaidan 
)1(2

)(
0 0

+
<<

M
I

h
θ

,
2

)(
)1( 0θI

Mh <+ . 

amitom 

  )1(2
1 MhhB n +> .                             (9) 

meore mxriv, )8( -is ZaliT 

)1(
2
1

)1( 2
2

22
0

2 MhBhBMh nn +<+<+ δ .                  (10) 

e.i. Tu SevadarebT (9) da (10), davaskvniT, rom samwevrs 

nn BhhBB 2
2

101 2
1

δ+ -s aqvs nLB1 -is niSani (+). 

vTqvaT axla h+= 0θθ , maSin 

h
I

hB n 2
)( 0

1
θ

−< , roca nS∈ω . 

2
)(

)1( 0θI
Mh <+ , amitom 
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2
)(

)1( 0θI
Mh −>+− . 

e.i. 

)1(2
1 MhhB n +−< . 

am SemTxvevaSi gansaxilav samwevrs aqvs niSani (-), es hB n1 -is niSanis. 

amgvarad, 

0ln

0

>
∂
∂

−= h

L
θθθ

da 0ln

0

<
∂
∂

+= h

L
θθθ

. 

θ∂
∂ Lln

 
uwyveti funqciaa da [ ]hh +00 ,θθ  intervalis boloebze 

Rebulobs sawinaaRmdego niSnis mniSvnelobebs. amitom is am 

intervalis SigniT erTxel mainc gaxdeba nulis toli. vTqvaT erT-

erTi aseTi wertilia nθθ ˆ= , 0ln
ˆ
=

∂
∂

= n

L
θθθ

. damtkicda, rom dasajerobis 

gantolebas aqvs amonaxsni (erTTan axlo albaTobiT). 

vaCvenoT axla, rom 0
ˆ θθ

P

n → , roca ∞→n . cxadia, rom 

hh n +<< 00
ˆ θθθ , ε1 -ze meti albaTobiT: 

{ } εθθ −≥<− 1ˆ
0 hP n .                            (11) 

Ees ki niSnavs, rom 0
ˆ θθ

P

n → . 

Aaxla davamtkicoT, rom nθ̂  asimptotiurad ganawilebulia 

normalurad. e.i. roca ∞∈n  

due

nI

P
u

n ∫
∞−

−
=Φ→





















<
− λ

π
λλ

θ

θθ 2

0

0

2

2
1)(

)(
1

ˆ
.                (12) 

(12) niSnavs, rom maqsimaluri dasajerobis Sefaseba ganawilebulia 

normalurad parametrebiT
)(

1
,

0
0 θ

θ
nI

. 
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vinaidan  nθ̂  aris maqsimaluri dasajerobis gantolebis fesvi, 

amitom 0ln
=

∂
∂
θ

L
, anu 

0)ˆ(
2
1)ˆ( 2

2
0100 =−+−+ nnnnn BBB δθθθθ . 

aqedan 

( ) ( ) nnnnn BBB 02010
ˆ

2
1ˆ −=



 −+− δθθθθ , 

( ) ( ) nnn

n

k

k

nnn

n
n
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Xf
n
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B

201

1

201

0
0

ˆ
2
1

),(ln1

ˆ
2
1

ˆ 0

θθδ

θ
θ

θθδ
θθ θθ

−−−

∂
∂

=
−−−

=− ==
∑

, 

( )
( )

)(
ˆ

2
1

)(

),(ln
)(

1

ˆ)(

0

2
0

0

1

10
00

0

θ
θθδ

θ

θ
θ

θ
θθθ θθ

I
B

I
B

Xf
nI

nI
n

n
n

n

k

k

n

−−
−

∂
∂

=− ==
∑

.               (13) 

ganvixiloT (13)-is mricxveli 

∑
= ∂
∂n

k

kXf
nI 10

),(ln
)(

1
θ

θ
θ

.                         (14) 

(14) warmoadgens damoukidebeli da erTnairad ganawilebuli 

SemTxveviTi sidideebis normirebul jams. vinaidan 

0ln

0

=
∂

∂

=θθθ
fE da )(ln

0

0

θ
θ θθ

IfD =







∂
∂

=

, 

amitom lindebergis Teoremis ZaliT (14) jami ganawilebulia 

asimptotiurad normalurad parametrebiT ( )1,0 . (14)-is mniSvneli 

miiswrafis albaTobiT 1-saken, radganac rogorc zemoT vnaxeT, 
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)( 01 θIB
P

n −→ , MXEHB
P

n <→ )( 12 , 0
ˆ θθ

P

n ∈ . amitom (14) gamosaxulebis 

ganawileba miiswrafis normaluri ganawilebisaken parametrebiT ( )1,0 2. 

Aaxla unda vaCvenoT, rom maqsimaluri dasajerobis Sefaseba 

asimptoturad efeqturia. gavixsenoT asimptoturi efeqturobis 

gansazRvra: vTqvaT *
nθ  aris 0θ -is raime Sefaseba da is asimptoturad 

normaluria parametrebiT 







n

)(
, 0

2

0
θσ

θ . Es imas niSnavs, rom roca ∞∈n  

∫
∞−

−=Φ→





















<
− λ

π
λλ

θσ

θθ due

n

P
un 2

0
2

0
* 2

2
1)(

)(
. 

asimptoturad efeqturoba )( *
ne θ  ganisazRvreba ase: 

)()(
1

)(
)(

1

)(
0

2
00

2
0*

θσθθσ
θ

θ
I

n

nI
e n == . 

Cvens SemTxvevaSi nn θθ ˆ* =  da rogorc vnaxeT nθ̂ ganawilebulia 

asimptoturad normalurad parametrebiT 







)(

1,
0

0 θ
θ

nI
, e.i. 

)(
1

)(
0

0
2

θ
θσ

I
= . 

ese igi 1)ˆ( =ne θ . # 

 

 

 

                                                           

2Cven aq gamoviyeneT SemdegiT eorema: Tu ),(→)( xFxF
nξ

constC
P

n =→η , 

maSin )(→)( CxFxF
n

n
η

ξ . Cvens SemTxvevaSi nξ  
aris (13) wiladis mricxveli, xolo nη  

am wiladis mniSvneli, )()( xxF Φ= , 1=C . 
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4. mokveTili eqsponencialuri ganawilebis  

parametris Sefaseba 

vTqvaT, X  mokveTili eqsponencialuri kanoniT ganawilebuli 

SemTxveviTi sididea 

    

0,      ( , ]
( , , , )

    ( , ]
x

x
f x e x

e e

θ

αθ βθ

α β
θ α β θ α β

−

− −

∉
= 

∈ −

                                       (1)  

ganawilebis simkvriviT, sadac α β<  da , ,α β θ  ucnobi parametrebia. 

Cvens mizans warmoadgens am parametrebis Sefaseba. θ –s Sesafaseblad 

gamoviyenoT maqsimaluri dasajerobis meTodi. davuSvaT rom 1 2, ,.... nx x x   

n  moculobis SerCevaa generaluri erTobliobidan, romelsac gaaCnia  

mokveTili eqponencialuri ganawileba da romlis simkvrive moicema 

formuliT (1). Sesabamisi dasajerobis funqcia aRvniSnoT ( , , , )L x θ α β iT. 

pirvel rigSi, Cven unda davadginoT am funqciis saxe. amisaTvis 

gamoviyenoT Semdegi: 

lema 2.1 

( , , , ) ( )n n n XL x e e eαθ βθ θθ α β θ − − − −= −   , 

sadac  X  aris SerCevis saSualo. 

damtkiceba: 

1 11 1
1( , , , ) ( , , , )... ( , , , ) ( ) ... ( ) ( )nxx xn n n X

nL x f x f x e e e e e e e e e eθθ θαθ βθ αθ βθ αθ βθ θθ α β θ α β θ α β θ θ θ−− −− − − − − − − − − −= = − − = −

 

rogorc viciT, θ -s mosaZebnaT romelic dasajerobis funqcias aniWebs 

maqsimums, unda amoixsnas gantoleba: 

                                         ln ( , , , ) 0L x θ α β
θ
∂

=
∂

                                                               (2)  

Tu mxedvelobaSi miviRebT lema 2.1-s maSin maqsimaluri dasajerobis 

logariTmuli funqciiisTvis gveqneba:  

ln ( , , , ) ln( ( ) ) ln ln( )n n n XL x e e e n n e e n Xαθ βθ θ αθ βθθ α β θ θ θ− − − − − −= − = − − −    aqedan 

gvaqvs:  

                               
( )ln ( , , , )
( )

n n e eL x nX
e e

θβ θα

αθ βθ

β αθ α β
θ θ

− −

− −

∂ −
= − −

∂ −
                                    (3)  
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 (2) -dan da  (3)  dan gvaqvs, rom maqsimaluri dasajerobis funqcias aqvs 

saxe: 

                            
1 ( ) 0

( )
e e X
e e

θβ θα

αθ βθ

β α
θ

− −

− −

−
− − =

−
                                                    (4)  

 Cven qveviT moviyvanT sakmaris pirobas am gantolebis amoxsnisa da 

erTaderTobisa.Tumca , manmade CamovayaliboT da davamtkicoT 

ramdenime damxmare Teorema. 

 

Teorema 

0

1 ( )lim
( ) 2
e e X X
e e

θβ θα

αθ βθθ

β α α β
θ

− −

− −→

− +
− − = −

−
 

damtkiceba:  

cxadia, Teoremis dasamtkiceblad sakmarisia vaCvenoT, rom 

0

1 ( )lim
( ) 2
e e
e e

θβ θα

αθ βθθ

β α α β
θ

− −

− −→

− +
− =

−
;  

marTlac gvaqvs: 

0 0 0

1 ( ) ( )lim lim lim
( )( ) ( )

e e
e e e e e ee e

e ee e e e
e e

αθ βθ

θβ θα αθ βθ θβ θαθβ θα

αθ βθαθ βθ αθ βθθ θ θ

θβ θα

θ
β α θ β αβ α

θθ θ
β α

− −

− − − − − −− −

− −− − − −→ → →

− −

−
−

 − − − −−− = = =  −− − 
−

 

2 2 2 2 '

'0 0

( ) ( ) ( ( ))lim lim
( ) ( ( ) ( )

e e e e e e e e
e e e e e e e e

θα θβ θα θβ θβ θα θβ θα

θβ θα αθ βθ θβ θα αθ βθθ θ

α β θ α β β α θ β α
θ β α θ

− − − − − − − −

− − − − − − − −→ →

− + − − − − − − +
= = =

− + − − + −

 
3 3 2 2 2 2

0

( ) ( )lim
( ) ( ) 2( ) 2

e e e e
e e e e e e

θβ θα θβ θα

θβ θα θβ θα θα θβθ

θ β α β α β α α β
β α θ β α α β β α

− − − −

− − − − − −→

− − − − + − +
= = =

− + − − + −
  

 aq Cven gamoviyeneT is faqti, rom  roca 0θ →    maSin  0e eθα θβ− −− → . 

  analogiuri gziT mtkicdeba Semdegi: 

Teorema 2.2 

lim ( , , , )L x X
θ

θ α β
θ→∞

∂
= −

∂
 

SevniSnoT, rom dasajerobis logariTmuli funqcia gansazRvrulia da 

diferencirebadia (0; )∞  Ria intervalSi da ( , , , )L x θ α β  –s maqsimaluri 
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mniSvneloba Tu is arsebobs miiRweva stacionalur  *θ  wertilSi da ar 

miiRweva (0; )∞ –s sasazRvro wertilSi.yovelive zemoT Tqmulidan Teorema 2.1 da 

Teorema 2.2-dan martivad miiReba Semdegi: 

Sedegi 2.1 arsebobs (0; )∞ -is stacionaluri wertili *θ  iseTi, rom 

* ( , , , ) 0L x θ α β
θ
∂

=
∂

, roca 0
2

X α β+
< < . Cveni Semdegi mizania vaCvenoT rom swored 

*θ aris θ –s saZiebeli Sefaseba. amisaTvis CamovayaliboT da davamtkicoT 

naSromis 

 ZiriTadi Teorema 

vTqvaT X  mokveTili eqsponencialuri kanoniT ganawilebuli SemTxveviTi 

sididea, romlis ganawilebis simkvrive moicema (1)  formuliT. maSin maqsimaluri 

dasajerobis gantolebas aqvs erTaderTi amonaxsni *θ  ,roca 0
2

X α β+
< < ; sadac 

*θ   (0; )∞ –is stacionaluri wertilia. 

damtkiceba:  

Tu gaviTvaliswinebT. Sedegi 2.1-s Teorema damtkicebuli iqneba Tu vaCvenebT, 

rom *θ maqsimumis wertilia. rogorc viciT, amisaTvis saWiroa davamtkicoT 

Semdegi utoloba: 

2

2 ( , , , ) 0L x θ α β
θ
∂

<
∂

                     roca *θ θ= . 

 marTlaac gvaqvs: 

2 2 2

2 2 2 2

( )( ) ( )( )( , , , )
( ) ( )

n n e e e e e e e eL x
e e e e

θα θβ θα θβ θβ θα θβ θα

θα θβ θα θβ

α β β α β αθ α β
θ θ

− − − − − − − −

− − − −

∂ − − − −
= − − − =

∂ − −
 

( ) 2 ( ) 2

2 2 2 2 2 2 2 2 2 2 2

( ( ) ) ( ) 1 1 1( ) ( ) ( ) 0
( ) ( ) ( ) ( )

n e n e e e en n n
e e e e e

θ α β θ α β θβ θα θβ

θα θβ θα θα θα

β α β α
θ θ β α θ θ θ θ θ

− + − + − − −

− − − − −

− −
= − < − = − = − <

− −
 

Teoremis damtkicebisas gamoviyenoT Semdegi utolobebi: 1xe x> + , roca 0x ≠   

da   1e
e

θβ

θα

−

− < , roca α β< . 
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